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A BDDC PRECONDITIONER FOR A SYMMETRIC INTERIOR PENALTY
GALERKIN METHOD*
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Abstract. We develop a nonoverlapping domain decomposition preconditioner for the symmetric interior penalty
Galerkin method for heterogeneous elliptic problems. The preconditioner is based on balancing domain decomposition
by constraints (BDDC). We show that the condition number of the preconditioned system satisfies similar estimates
as those for conforming finite element methods. Corroborating numerical results are also presented.
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1. Introduction. Let 2 be a bounded polygonal domain in R? and €24, . .., Q. be polyg-
onal subdomains of {2 that form a nonoverlapping decomposition of 2. Given f € Lo (),
consider the following model problem: Find u € H () such that

(1.1) /qu-Vvdx:/fvdx Vo e Hi(Q),
Q Q

where p equals a positive constant p; on the subdomain 2; for 1 < j < J. Let 7}, be a
simplicial triangulation of €2 aligned with €4, ...,€Q; and

(12) Xh:{’UELQ(Q) ZU‘T€P1(T) VTEIEL}

be the discontinuous P; finite element space associated with 7. The model problem (1.1)
can be discretized by the following symmetric interior penalty Galerkin (SIPG) method
[5, 15,19, 20, 35]: Find up, € X}, such that

(1.3) ap(up,v) = / fudz Vv e Xy,
Q

where

ap(v,w) = Z /Tva-dex—l—n Z % [v] - [w] ds
ey €

TeTh

=3 | (£pVl - [w] + oV} - [o] ) ds.

ecéy, €

Here 1) is a positive penalty parameter, &, is the set of the edges of T;, and |e] is the length of
the edge e. The weight p, is the harmonic average of p with respect to the triangles sharing
the edge e: For the interior edge e shared by the triangles 72, we have

20_
(1.4) pe = P+
p—t P+
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where p4 = p’Ti. For an edge along 0€) we have p. = p.
The jump [v] on the edge shared by the triangles T is the vector defined by

(1.5) [v] =ving +v_n_,

where v4 = v|p, and ny are the unit outer normals along 97%. On an edge of 7}, along 092,
we define [v] = vn, where n is the unit normal pointing towards the outside of 2.

Finally, the mean {pVv} is defined as follows. For an interior edge shared by the
triangles 7%, we have

(1L6)  foVo} = Be(p- Vo) + B_(ps Vi) = L5 (Vo 4 Vo),
p—+ P+
where

P+ pP—
/8 = ) 5, = .
Tt p—+ P+

On an edge of 7, along 9%, we define {pVv} to be pVo.
Let v € X}, be arbitrary and e be an interior edge shared by the triangles 77y in 7. We
can easily show

(1.7 le[ | {pVo} ||2L2(e) S Pg<|v|%{1(T,) + M%{l(n))a

by using the fact that Vv is a constant vector on e; cf. [5, 15, 20, 30].

REMARK 1.1. To avoid the proliferation of constants, throughout the paper we will use
A < Band A Z B to represent the statements that A < (constant)B and A > (constant)B,
where the positive constant is independent of the mesh size, the subdomain size, the number
of subdomains, and p. The statement A ~ B is equivalentto A < Band A 2 B.

Let € be an arbitrary positive constant. From (1.7) and the relation

(1.8) Pe < 2p4,

we have

—1 Pe
a9 | [1o9od - [e] ds| S €(p-tolinee, + prloliner,y) + e eIz, o

Similarly we have, for an edge e C 0f of a triangle T" in 7y,

P
(1.10) | [ 49ob- Bl as| S eolofinry + SN 0

Combining (1.9) and (1.10), we obtain
- Pe
ap(v,v) > (1 = Ce) Z ploliry + (n = Ce™?) Z HH [] 12, )-
TEThH ecéy,

Hence, the following coercivity property holds: There exists a constant 7y such that, for any
7> 7os

pe
(1.11) an(v,v) 2 Z p|v|12LIl(T) + Z HH [v] H%Z(e)'

TeTh e€&y


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

192 S. C. BRENNER, E.-H. PARK, AND L.-Y. SUNG

The SIPG method is one of the best known discontinuous Galerkin (DG) methods;
cf. [6] and the references therein. In this paper we will develop a nonoverlapping domain
decomposition preconditioner for the SIPG method that is based on the balancing domain
decomposition by constraints (BDDC) approach. The performance of our preconditioner (cf.
Theorem 4.14 and Theorem 4.15) is similar to the performance of BDDC preconditoners for
conforming finite element methods [14, 18, 27, 28].

REMARK 1.2. The discrete problem (1.3) can also be defined for higher order finite
elements and the extension of our results to such methods is straightforward. For the case of
discontinuous P finite element, one can also replace the jumps in the penalty term by their pro-
jections to the space of constant functions on the edges. Such methods have been investigated
in [7, 8], where a decomposition of the discontinuous finite element space led to a block diago-
nal structure for the stiffness matrix that can be exploited for the construction of fast solvers.

There is a growing literature on domain decomposition preconditioners for discontinuous
finite element methods [1, 2, 3,4, 9, 11, 16, 17, 21, 22, 24, 25, 26, 31]. Among these papers,
the work in [11, 17, 22] are closest to the work in this paper. Below we will briefly describe
the differences.

For conforming finite element methods, the bilinear forms for the discrete problems can
be written as the sum of bilinear forms defined on the subdomains that only involve the degrees
of freedom (dofs) on the respective subdomains. Therefore in the BDDC or the FETI-DP
(finite element tearing and interconnecting primal-dual) approach, these subdomain bilinear
forms are decoupled along the interface of the subdomains. But this is not the case for DG
methods due to the terms in the DG bilinear forms that penalize the jumps of the discontinuous
finite element functions across the element boundaries.

In [11], where we consider the weakly over-penalized symmetric interior penalty (WOP-
SIP) method [12], we overcome this difficulty by introducing a decomposition of the discontin-
uous finite element space X}, so that the BDDC preconditioner is needed only for a subspace
of X}, whose members are continuous across the interface of the subdomains. We follow the
same approach in this paper; cf. Section 3. However the treatment of the SIPG method in
this paper is more challenging than the treatment of the WOPSIP method in [11] due to the
stronger coupling of the SIPG method. Moreover in this paper we also consider the more
general cases of heterogeneous coefficients and nonconforming meshes.

A FETI-DP domain decomposition preconditioner is developed and analyzed in [22]
for the same heterogeneous problem treated in this paper, with conforming meshes. There
the authors overcome the difficulty of the DG coupling across the interface by enlarging the
number of dofs of a subdomain to include those from the neighboring subdomains that share
an edge with it. As a result, the number of unknowns for the subdomain Schur complement
problem is doubled.

BDDC preconditioners are developed in [17] for several DG methods on conforming
meshes. For the SIPG method, the authors also enlarge the number of dofs of the subdomains
and consequently the number of unknowns for the subdomain Schur complement problem is
doubled. However we must confess that the presentation in [17] is very concise and it is difficult
for us to truly understand the subtleties of either the algorithms or the analysis in that paper.

The rest of the paper is organized as follows. In Section 2 we introduce the subspace
decomposition. We then design a BDDC preconditioner for the reduced problem in Section 3.
The condition number estimates are carried out in Section 4. Furthermore, we discuss the
extension to the case with nonconforming triangulations in Section 5. Finally, we report
numerical results in Section 6 that illustrate the performance of the proposed preconditioner
and corroborate the theoretical estimates.

For the convenience of the readers, we also include a table that provides references to the
notations throughout the paper.
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2. A subspace decomposition. In this section we introduce a subspace decomposition
of the discontinuous finite element space, which yields an intermediate preconditioner for the
discrete problem resulting from the SIPG method.

LetT' = ( U'jle 98;) \ 99 be the interface of the subdomains; cf. Fig. 2.1(a). We assume
that the subdomains are shape-regular polygons; cf. [13, Section 7.5]. We denote the diameter
of ; by H; and define H to be max;<;<s H;. Let &, 1 be the subset of &, containing the
edges on I'. In order to control the effects of the high contrast among the p;’s, we assume that

none of the triangles in 7}, contains more than one edge in &, r; cf. Fig. 2.1(a).

olo o|o
oXo oXo oxo oXo
N\ olo /© N\ olo /©
(e) o) o o o o o o
o 5 o 5 o 5 o 5
olo o|o
oXo oXo oXo oxo
N\ olo /° N\ olo /©
olo o|o
oXo oXo oXo oXo
N\ olo /© N olo /©
(o] o) (o] o) (o] o) (o] o)
o S o S o 5 o 5
olo o|o
oXo oXo oXo oXo
N\ olo /° N\ olo /©

(@ (b)

FIG. 2.1. (a) A triangulation Ty, and a nonoverlapping domain partition of ) with the interface T in thick lines.
(b) Vy, the set of the interior vertices.

REMARK 2.1. For the interior penalty method investigated in [17, 22], the average
{pVu} is given by (p_Vu_ + py Vo) /2 and the weight p. is given by (p— + p+)/2. The
condition that each triangle can have at most one edge on the interface I is not needed for this
formulation of the discrete problem because the effects of the high contrast among the p;’s
can be controlled by the stronger weight p. = (p— + p4)/2. Incidentally the two weights
coincide when p is a constant on €2 and hence in this case our method does not require this
condition on the mesh.

We will define the set V}, of the vertices of the triangles in 7}, by

Vi, = {(p,T) : pis a vertex of the triangle T in 7y, } .

The value of v at a vertex is understood to be v, (p), where v, = v|7. The set V; of interior
vertices (cf. Fig. 2.1(b)) is defined by

J
2.1 Vi = {(p, T) € Vy, : both edges that share p are disjoint from U 8Qj}.

j=1
The set V}, \ V; can be partitioned into three disjoint subsets as follows:
Vi \ Vi = Ve UVr U Vaq,
where

(22) Ve ={(p,T) € Vy, : pis acorner of one of the subdomains and one of the edges
of T that contains pison '},
Ve ={(p,T) € Vi, \ V¢ : one of the edges of T that contains pisonI'},
Vaa = {(p,T) € Vi \ V¢ : at least one of the edges of T" that contains p is on 9Q} ;
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(@) (®) ©

FIG. 2.2. (a) V¢, the set of the corner vertices. (b) Vr, the set of the interface vertices on I'. (c) Vaq, the set of
the boundary vertices on 9S).

cf. Fig. 2.2. For simplicity, we will refer to a vertex in V¢ (resp. Vr and Vygq) as a corner (resp.
interface and boundary) vertex.
First we decompose X}, into two subspaces as follows:

(2.3) X = Xnc ® Xn.p,

where

J
2.4) Xno = {v € Xp, : [v] = 0 on the edges in &, that are subsets of U (’)Qj}

j=1
and
(2.5) Xp,p={v € Xp,:{v}=0on the edges in &, r and v vanishes at the vertices in Vr}.

Here the weighted mean {v} for an edge e in &, r is defined by

(2.6) {v} = B-v|r_ + Byv|r,,

where the edge e is shared by the triangles 77 .

REMARK 2.2. Let v = vs + v, be the decomposition of v € X}. Then v vanishes at
the vertices in Vagq, v agrees with v at the vertices in Vy and v, equals {v} at the vertices in
Ve U Vr. On the other hand, v, vanishes at the vertices in V;, v, = v at the vertices in Vyq,
and at a pair of neighboring vertices (p, T ) and (p,7_) in Ve UV,

vD(pv T+) = 5— (U(pv T+) - U(p7 T—)) and vD(pv T—) = ﬂ-‘r (U(paT—) - U(p7 T+))

Accordingly, the finite element function v, in X}, ¢ has one degree of freedom (dof)
associated with each pair of neighboring vertices in V¢ U Vr, which is represented by ‘e-e’
in Fig. 2.3(a), and one dof at each vertex in V;, which is represented by ‘o’ in Fig. 2.3(a). The
dofs for a function v, in X}, p are associated with the neighboring vertices in Ve U Vr, which
are represented by ‘o—o’ in Fig. 2.3(b), and the vertices in Vg, which are represented by ‘o’
in Fig. 2.3(b).

Let Ay : X, — X3/ be the symmetric positive-definite (SPD) operator defined by

2.7 (Apv,w) = ap(v,w) Vv, w e Xp,
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FI1G. 2.3. (a) Degrees of freedom of Xy, c. (b) Degrees of freedom of X}, p.

where (-, -) is the canonical bilinear form between a vector space and its dual. Similarly, we
define the SPD operators Ay, p : X, p — Xh,D and Ay ¢ : Xpc — Xh,c by

(2.8) (Ap,pv,w)y = ap(v,w) Yo,w € Xn p,
2.9) (Ap,cv,w) = ap(v,w) Vv, w e Xp c.

REMARK 2.3. Let N, be the number of corners of the subdomains. The system involving
Ap,p can be reduced to a system of dimension ~ N, x NN by solving a block diagonal
system where each block is 2 x 2 and symmetric positive definite. Thus the solve A,:}D can
be efficiently implemented.

REMARK 2.4. Since the functions in X}, ¢ are continuous across the edges in &, r and
vanish on 0f2, it holds that

J
ap(v,w) = Zah’j(vj,wj) Y, w e Xy o,
j=1
where v; = 'U‘Q‘,w_j = w| and
J

Q;

(210) ah,j(vj,wj) = Z /ijV’Uj . ij dﬂf + n Z % [[Uj]] . [[U)j]] dS

T€Th e€éy
TCQ; eCy;
= [ (Hosvusd Ll + 4oV} - [o]) ds.
eeéy, €
GCQJ‘

Note that the bilinear form ay,_;(+, -) is local to the subdomain €2;.
REMARK 2.5. Let v € X}, be arbitrary. For the localized bilinear form in (2.10), it
follows from (1.9) and (1.10) that

e e e (3 il + 3 el Tl L)
TETh €€l
TCQ; eCfl;

where v; = v|q;.
REMARK 2.6. Let e be an edge shared by two triangles in 7},. It can be easily shown that

2.12) ] @) Slel ™ ol 7,0 Vve Xn,
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where p* is any convex combination of the two endpoints of the edge e. Moreover, (2.12) also
holds for an edge on 0f2.

LEMMA 2.7. Let v = v + vy, be the decomposition of v € Xy, according to (2.3). We
have

(2.13) (Apv,v) = (Ap pUp,vp) + (An,cve, Vo) Vv e Xp.
Proof. From the Cauchy-Schwarz inequality and (2.8)—(2.9), we have
(Apv,v) < 2((An.pVp,vn) + (An.cve, Ve)) .
In the other direction, based on the relation
(An.pvp,vp) S (Apv,v) + (Ap,cve, ve),

it suffices to show that (A}, cvc, ve) S (Apv, v). In view of Remark 2.2, we have

~

<Ah,CU07UC‘>
Q1) =3 s+ L (T Il Pas—2 [ {o9vcd- o] ds)
TETh ec&y
eCU/_,Q;
<Y plocBy +n Z /| vel P ds,
TETh 668;
eCU] 1

and then it suffices to estimate the terms on the right-hand side of (2.14). From Remark 2.2
we know that v, — v vanishes at the vertices in V;. It then follows from a standard inverse
estimate and scaling that

Z |’UC|%{1(T) S Z |’U|§{1(T)+ Z |UC_U‘%11(T)

TeTh TeTh TETh
2

SO g+ Do v(p,T)]

TeTh (p, T)EVR
2

=D g+ Y @ -v@DI+ Y o)
TeTh (p,T)EVcUVr (p,T)EVagq

= llingy+ > BIRIOP+ Y @)
TETh (p,T)EVcUVE (p,T)EVoq

where S = Al Tp lLTp’I - < land 7" is the triangle that shares a common edge with 7" along I'.

Note that the last equality follows from (2.6) and Remark 2.2.
In view of (2.12) and the obvious estimate

ploplr 1
(2.15) 2, <« = = ).,
plrir olr+ ol 2°
we find
(2.16) > plveliiny S D Pl + Z W2,
TETh TETh 6€5hr

+Z 3 ’”n 112, 0)-

j=1ecoQ; \F
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Similarly, we can establish the estimate

J
2.17) /I vel [Pds £ Z vl 17,0

eESh J=1e€oQ;\I'
eCU7 19

Combining (1.11), (2.7), and (2.14)—(2.17), we see that (A, cve, Vo) S
REMARK 2.8. The estimate (A}, cve,ve) S (Apv, v) in the proof of Lemma 2.7 depends
crucially on the condition that any triangle in 7}, can have at most one edge on the interface T'.
Without this condition one would have to introduce a weighted mean {v} that involves the
values of p on three or more of the subdomains and to establish the analog of (2.15) for T"and T’
that do not share a common edge on I'. Such “long distance” estimates are difficult to achieve
without additional assumptions on the values of p that are involved in the definition of {v}.
Based on Remark 2.3 and Lemma 2.7, our goal is to construct an efficient preconditioner
for A, . For this purpose we next decompose X}, ¢ into two subspaces X, (2 \ I') and

Xh,c(F)Z

< (Apv,v). O

(2.18) Xpc(Q\T) ={v € X, ¢ : v=0atall the vertices in V}, \ V;}
and
(2.19) Xh,C(F) = {’U S thc : ah(v,w) =0 Ywe thc(Q \ F)} .

The functions in X, (T") are discrete harmonic functions, which are uniquely determined by
their values at the vertices in V;, \ V.

Let the symmetric positive definite operators A, o\ : X c(Q\T) — X c(Q\T)
and Sy, : Xp () — thc(l") be defined by

(2.20) (Apo\rv, w) = ap(v,w) Yo,w € Xpo(Q\T),
2.21) (Spv,w) = ap(v,w) Yv,w € Xp o(T).

From (2.19)—(2.21) we have
(2.22) <Ah,C'007 Uc> = <Ah7Q\FUC‘,SZ\F; Uc,sz\r> + <Shvc,ra Uc,r> Ve € Xh,C;

where vo = Vo o\r + Ve r 18 the unique decomposition of v with respect to X, (€2 \T') and
Xn,c(l).
We can now define a preconditioner B; : X, — X}, for Ay, by

(2.23) Bi = IpA, pIp + Io v A, ool + IeS; T,

where

(2.24) Ip: Xh,D — Xh, IQ\F : Xh’c(Q \ F) — Xy and It : Xh’c(r) — X}

are natural injections, and I}, I;z\r’ and I}. are the transposes of these injections defined as
(Iho.v) = (¢, Ipv) Vo€ X,.v€ Xnp,

<I§z\r¢’v> = (¢, Io\rv) Vo e X;;,v € Xp.c(Q\T),
(Itp,v) = (¢, Irv) Vo € Xy, 0 € X 0(T).
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Given any v € Xy, it follows from (2.13) and (2.22) that
(2.25) (Apv,v) = (Ap,pVUp,vp) + <Ah,Q\rUc,n\ravc,n\r> + (Shvers ver),

where v = Ipvp,+1, o\rVc,a\r + It vc - is the unique decomposition with respect to the spaces
Xn.p, Xp,c(Q\I') and X}, o (T'). Therefore by the theory of additive Schwarz preconditioners
we have

)\max (Bl Ah)

(2.26) (B Ap) = STVI]

~ 1.

REMARK 2.9. From Remark 2.4, we see that A}_LlQ  can be implemented by solving

subdomain problems in parallel. On the other hand, the global solve S} in By needs to be
replaced by a good parallel preconditioner.

3. A BDDC preconditioner. In this section we construct a preconditioner for the Schur
complement operator Sy, based on the BDDC methodology. Let

3.1 X}, ; be the space of discontinuous P; finite element functions on €2;

with resect to 7y, ;,
where 7}, ; is the restriction of 7}, to §2;, i.e.,
(3.2) T =A{T € Th: T C Q;},
and
X1 (€2;) be the subspace of X}, ; whose members vanish on 0€2;.
We denote by #; the space of local discrete harmonic functions defined by
(3.3) Hi={veX,;: v=00n0Q; \T'and as j(v,w) =0 Ywe X,(Q)},

where the subdomain bilinear form ay, ; (-, -) is given by (2.10).
REMARK 3.1. Let v € H; and w € X}, ; such that v = w at all the vertices in 7}, ; that
do not belong to V;. Then v satisfies the following minimum energy property:

Qh,j (Uv U) < Qh,j (’LU, w)

The space H is defined by gluing the spaces H ; together along the interface by imposing
continuity at the corner vertices:

(3.4) He = {v € Ly(Q): U|Q'_ € H;for1 < j < J and v is continuous across I'
at the vertices in V¢ },

and we equip H¢ with the bilinear form:

(3.5) af (v,w) = Z an,;(vj, w;) v,w € He,
1<5<J

where v; = U|Qj and w; = w‘ﬂj.
To construct a BDDC preconditioner for S}, we introduce a decomposition of H:

(3.6) He = H & Ho,
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where
3.7 H = {v € He : v vanishes at the vertices in V¢ }
(3.8) HOZ{UGHC :ag(v,w):o VwG?—D[}.

Note that X}, «(I') is a subspace of H¢ and there exists a projection Pr : He — X, o(T)
defined by the weighted averaging:

(3.9) Prv={v}} onanedgeiné&,r.
The SPD operator Sy : Ho — Hy, is defined by
(3.10) (Sov,w) = ag(v,w) Vv, w e Hp.

Let ’;'-olj be the subspace of H; whose members vanish at the corner vertices in §2;. We
define the SPD operator S; : H; — H'’ by

(3.11) (Sjv,w) = ap j(v,w) Yv,we ’Hj

REMARK 3.2. The positive definiteness of S; is due to the fact that functions in 7—01]-
vanish at the vertices in V¢, and the positive definiteness of Sy results from the fact that the
functions in H¢ are continuous across I at the vertices in V.

We can now define the BDDC preconditioner Bgppc for Sp,:

J
(3.12) Bgsppo = (Prlo) Syt (Prlo)’ + Z (PrE;) S71(PrE;)’,
j=1

where Iy : Ho — Hc is the natural injection and [E; : 7f[j — Hec is the trivial extension
defined by

. ’lD]j on Qj . o
(3.13) E]’Uj = VU]‘ S Hj.
0 onQ\ €y

Finally, we construct the preconditioner By : X}, — X}, for Aj, by replacing S " ! with
the preconditioner Bgppc:

(3.14) By = IpA, bl + IQ\FA};})\FI;;\F + It BeppeIt.

4. Condition number estimates. In this section we analyze the condition number of
By Ay, whose key ingredient is the condition number estimate

N2
x(BppcSh) S <1+lnh).

First note that

J
(.1 Xno(T) = PrlyHo + > PrE;H;.
j=1
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In detail, given any v € X, «(T") C Hc, there exists a unique decomposition of v from (3.6):

J
“4.2) UZ’U()-F?(}:I()UO—FZEJ"E}]‘ vy € Ho, U 67‘?,
j=1

where 0; = | o.» and then we have
J

J
v = Prv = (Prlp)vy + Z(PFEJ')"D’J
i=1

since v is continuous across the edges in &, .

Therefore, by the theory of additive Schwarz preconditioners, e.g., [23, 29, 33, 34, 37],
it follows from (4.1) that the BDDC preconditioner Bgppc is SPD and the minimum and
maximum eigenvalues of Bgppc.Sy, are characterized by

(4.3) Amin (BeppcSp) = min (So;v) 7 ;
Ue}i};g(r) u:PrIOUUTZiII}Zl PrE;; (<50”07 ot ;wﬁj’ ﬁj>)
voEHo, b5 €M,
(44) >\max (BBDDCSh) = max <Sh’l},’l)> 7 .
Ue}i};@g(r) min ((50?)07 vo) + Y (55, ﬁj))
v=Prlovo+3_7_, PrE;v; j=1

U()E’Ho,’f)j E?flj

4.1. A lower bound for Ap,in (Bsppc Sk ). In this section a lower bound for the mini-
mum eigenvalue is obtained from the decomposition (4.2).
LEMMA 4.1. We have

4.5) Amin (BeppcSh) > 1.

Proof. Let v € X}, ¢(I") be arbitrary. For the decomposition of v given in (4.2), it follows
from Remark 2.4 and (3.8)—(3.11) that

J
<Sh’l),'U> - ag(va 1}) - ag(’Uo,’Uo) + ag(f}a f}) SO”O»”O + Z S ’U],’Uj
j=1

Therefore we have

J
(Spv,v) > min (Sovo,vo + E (S04, 0, )
’U:PFI()’U(]JrZ.;]:l PF]E]‘ ’lD)]‘ j=1

UoE’Ho,’ijE?flj

which, in view of (4.3), implies (4.5). 0

4.2. A trace norm. In this section we construct a trace norm for the space H; that is
equivalent to the energy norm. This equivalence relation is the key to establishing an upper
bound for the maximum eigenvalue of Bgppc.Sy, in Section 4.3.

Let T be a triangle in 73, ;. We consider a set of ten nodes on 1" that determines a cubic
polynomial in P3(T"): three vertex nodes, six edge nodes and one center node; cf. Fig. 4.1. Let
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(a) () (© (d

FIG. 4.1. (a) Nodes of T' in Ty, (b) Vertex nodes of T'. (c) Edge nodes of T. (d) A center node of T

() () (©

FIG. 4.2. (a) Edge nodes in (i) of Definition 4.2. (b) Vertex nodes in (ii) of Definition 4.2. (c) Vertex nodes in
(iii) of Definition 4.2.

Nyertex (T€SP. Nedge and Neenter) be the set of the vertex nodes (resp. edge nodes and center
nodes) in Ty, ;.

DEFINITION 4.2. Given any v € Xy, j, we define a continuous piecewise cubic polynomial
v along 082 according to the following rules (cf. Fig. 4.2):

(i) v« equals v at the edge nodes in ./\/edére that are on 05;.
(ii) At a vertex node p in Nyeriex that is a corner of €15, v, equals one of the values of v
at (p,T) in V.
(iii) At a vertex node p in Nyertex that is not a corner of Q;, v.(p) is defined as

vu(p) = = (v(p, T1) + v(p, T2))

N | =

where (p,T1) and (p, T3) are the two vertices associated with p that do not belong
to Vy.

REMARK 4.3. Step (i) in Definition 4.2 guarantees that all the information for v is stored
in v, and we can reconstruct v from v,. This is the reason for using cubic polynomials in the
construction of v,.

REMARK 4.4. Note that v, is determined by the nodal values of v at the nodes along 0€2;
that do not belong to Vz. In particlular, if v € X}, ; vanishes at all the nodes associated with a
closed edge of €2; that do not belong to V', then v, also vanishes on that edge.

REMARK 4.5. In view of rule (ii) in Definition 4.2, the function v, is not unique. The
flexibility in assigning the value of v, at the corner vertices will become useful later.

The following lemma establishes the equivalence between the energy norm and a trace
norm for H ;.

LEMMA 4.6. We have

(lh,j(’U,’U) ~ pj|U*|?_11/2(8Qj) Vv e Hj,
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where v, is the continuous piecewise cubic polynomial on 0Q2; constructed from v according
to Definition 4.2.

We will prove Lemma 4.6 through an enriching process that connects X}, ; to a cubic
Lagrange finite element space:

Xpj={0€C(Q)): 0|, € Ps(T) VT €T}

DEFINITION 4.7. We define the enriching operator E; : X}, ; — )N(hyj by the following
rules:
(i) Ejv equals v, on 09);.

(ii) Ejv equals v at the center nodes in Neenter-

(iii) At an edge node p in Neqge that is not on 9, (Ejv)(p) is the average of the values
of v from the two sides of the edge containing p.

(iv) At a vertex node p in Nyeriex that is interior to Q;, (Ejv)(p) is the average of the
values of v at p.

LEMMA 4.8. We have

pj|Ejv\%11(Qj) < apj(v,v) Vve Xy;.

Proof. Letv € X, ; be arbitrary. It follows from a standard inverse estimate and scaling
that

|Ej”|%11(nj): Z |Ejv|§{1(T)

TETh,;
4.6) S Y Ev—oling+ Y, Pl
TE'T)LLJ TE'T)LLJ‘
S Y Ev—v)®P+ Y el
TETh,; peN(T) T€eTh,;

where N(T') = Neenter(T') U Nedge (T') U Nyertex (T') is the set of the nodes that determines
a cubic polynomial.
Let T € T} ; be arbitrary. According to rule (ii) of Definition 4.7, we have

(Ejv—vs)(p) =0 atthe center p of T,

and hence

4.7) > (Ejo—vr)@)’ = > [(Ejv —vr)(0)]*.

pEN(T) peNedge(T)UNvertex(T)

Consider first an edge node p € Ngge(T'). Due to rule (i) of Definition 4.2 and Defi-
nition 4.7, it suffices to focus on a node p € ./\/edge(T) that is not on 0€2;. Assume that p
is on the common edge e shared by triangles 7" and 7" in 7}, ;. It follows from rule (iii) of
Definition 4.7, scaling and (2.12) that

S @ —en®)] S 1l 1

Consider next a vertex node p in Nyertex (T'), which does not belong to 92 ;- According
to rule (iv) of Definition 4.7, we have

(48) [(Ejv —vr) @) = |

‘ -

(49) (E;0)(p) — ve(p) = (v, 1) = v(p. 1)),

T'eT\T}

=
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where 7, is the set of the triangles in 7}, ; sharing the vertex p. We consider a chain of triangles
Ty, ..., Ty such that Ty = T, T, = T", and the consecutive triangle T;_; and T in this chain
share a common edge e;; cf. [9]. Then, using the Cauchy-Schwarz inequality and (2.12), we
obtain

£

(4.10) [v(p. T) = v(p, T")]* <> _[o(p. Tic1) — v(p, T))?
1=1
£
S Ll N e S D el T 17,00
i=1 e€&y

where &, is the set of all the edges in 7}, ; sharing p. Combining (4.9) and (4.10), we find

@.11) [(Ejo—or)®)* S D el 1,0

ecéy

Similarly, for a vertex node p in V7 that belongs to 0§2;, it holds that

4.12) [(Ejo—ovr)@)P S D lel 17,0
e?zeagﬁj

The lemma follows from (2.11), (4.6)—(4.8), and (4.11)—(4.12). 0
DEFINITION 4.9. We define a map F; : )N(h,j — Xy, triangle by triangle as follows.
Let T € Ty j and N (T) be the set of the nodes that determines the cubic Lagrange finite
element on T.
(i) If T does not have an edge on 0S);, then F;v equals ¥ at the three vertex nodes
in N(T).
(ii) If T has two edges on O2; \ T, then F;¥ equals © at three of the four edge nodes in
N (T) that belong to 0R;.
(iii) If T has only one edge e on 0S2;, then F;¥ equals ¥ at the two edge nodes on e and
at the center of T
REMARK 4.10. Let v € X} ; be arbitrary and w = E;(v). According to Remark 4.3
and rules (ii) and (iii) of Definition 4.9, F; (w) equals v at all the vertices on 0€; that do not
belong to V;.
Since the bilinear form ay, ;(-,-) only involves edges interior to €, it follows from
Definition 4.9 and a direct local calculation that

(4.13) an ;(Fj(9),F;(0)) S piloltn(q,) V0 € X,
Proof of Lemma 4.6. Letv € H; (C Xp, ;) be arbitrary and v, be the continuous piecewise
cubic polynomial on 9€); constructed from v according to Definition 4.2. Based on (i) of
Definition 4.7, v, is identical to the trace of E ;v € Xy ;. Then, combining the trace theorem
and Lemma 4.8, we arrive at

Pj|”*|12ql/2(afzj) S Pj|Ej’U|§Jl(Qj) S an;(v,0).

In the other direction v, can be extended to a finite element function in X h,; such that

(4.14) [0: 1)) S [0xlF12 00,5
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cf. [32, 36], [13, Section 7.5]. Note that w = F;(v.) € X}, ; equals v at all vertices in T}, ;
that do not belong to Vy; cf. Remark 4.10. Then, by Remark 3.1 and (4.13), we have that

an,;(v,0) < apj(w,w) S pjlvalFn o,y

which together with (4.14) implies
an;j(v,v) S Pj|”*|?71/2(3gj)- a

4.3. An upper bound for Apax (BeppcSk)- In this section we analyze the maximum
eigenvalue of Bpppc Sy, by using the trace norm constructed in Section 4.2.

The following lemmas establish the key estimates for an upper bound for A,ax(Beppco Sh)-

LEMMA 4.11. We have

HA2
4.15) ag(PpI()’Uo, Pp]o’l]o) g (1 +In %) ag(vo, 1)0) Vg € Ho.-

Proof. Let vy € Hy be arbitrary, z = vy — Prlgvg € H and z; = z’Q_ S ’H] In view of
(3.5) it suffices to focus on ay, ;(2;, z;). ’

Let E1, ..., E, be the edges of the subdomain €2;. (Note that N; is limited by the shape
regularity of the subdomains.) Since z; € H; vanishes at all the corner vertices in {2;, we can
write

N;
Zj = E :zj,Eza
=1

where z; g, € H,; agrees with z; at all the vertices on the edge E, that do not belong to Vy
and z; g, vanishes at all the vertices on the other edges of {2; that do not belong to Vr.
Letvg ; = voyﬂ_ € H; for 1 < j < J. It suffices to show that
J

A2
(4.16) an,j(2,8,25,8) S (1 +In ﬁ) (an,;(vo,j,v0,5) + an.k(Vok, vo,k)),

where E is the common edge shared by the subdomains €2; and €2;,. Summing up (4.16) over
all the edges of €2; and over all the subdomains, we have

H\2 <
ag, (z,2) < (1 +In g) > an;(vo,v05),
j=1

which then implies (4.15).
For the estimate (4.16), we first apply Lemma 4.6 to obtain

(4.17) an,j(25,8,2,8) S PilZ5 Bl 2 00,)

where z; g is the continuous piecewise cubic polynomial on 02; constructed from z; g
according to Definition 4.2. According to Remark 4.4, the function z; g vanishes on all
the edges of §2; except the edge I and it also vanishes at the endpoints of the edge F
because z; g € 7—[] Consequently we can apply a standard truncation estimate for piecewise
polynomials (cf. [10, Section 3], [34, Section 4.6], [13, Section 7.5]) to conclude that

__ HN, __
@.18) (58 /300, S (1410 ) 15813 ey + 1558 30072 )
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The definition of Pr (cf. (2.6) and (3.9)) implies

zjE = Br(voj — vor),

where 8y, = pj’_’fpk < 1.

Let vg ; (resp. vg,1) be the continuous piecewise cubic polynomial on 9€2; (resp. 9€2;)
constructed according to Definition 4.2. Note that according to rule (ii) of Definition 4.2, the
value of vy ; (resp. vg ) at the endpoints of E can be assigned to equal the values of vy ;
(resp. vo,x) at the corner vertices shared by €1, and €2; due to the flexibility mentioned in
Remark 4.5. Therefore we have

(4.19) %5 = Bl — o) onE.

Let us now estimate the first term on the right-hand side of (4.18). Since v is continuous
at the vertices in Ve, there exists a number « such that vy ;(p) = @ = v x(p) at an endpoint
p of the edge E. Hence, both v ; — a and v — « vanish at the endpoint p of E. It then
follows from (1.8), (4.19), Lemma 4.6, and a discrete Sobolev inequality (cf. [10, Lemma 3.4],
[34, Section 4.6]) that

pillZ Bl ey S piBE (1565 — alld (g + o = 5kl s )
+ PiPk
Pi + Pk

(4.20) < pjllve; —alli_ g + erlle = vorlli_(m)

:PjH%,/j*aH%w(E) 5k||04*170/,k||%x(E)
< (111 (p 505 - af? + pila— TR )
N 5 ) \Pilvo.; H1/2(09;) T Pk 0,k F1/2(5,)

H
S (1 +In ﬁ) (ah,j(’l)o,p vo,5) + an.k (Vo k, Uo,k))-

Using (1.8), (4.19), and Lemma 4.6, we can estimate the second term on the right-hand
side of (4.18) by

4.2 pj|Z/j\7E‘2H1/2(E) < pj|663|2Hl/2(E) + Pk|mg{1/2(E)
< an,j(vo,5,v0,5) + ank(vVok, vo k)

The estimate (4.16) follows from (4.17)—(4.18) and (4.20)—(4.21). 0
LEMMA 4.12. We have

. . H\2 . o
4.22) ag(PpIEjvj, PFEjUj) g (1 + In %) ap.j (Uj7 Uj) V’Uj S Hj.
Proof. Letv; € H ; be arbitrary and z = PrIE;v;. From the definitions of Pr and E;, it is noted

that z is supported in the union of §2; and all the subdomains which share an edge with §2;.
We first observe that

(4.23) 2 = 2|, = By,

where 3; = pj’_fpk < 1 and hence

an,;(2j,25) = Bian;(0;,0;) < an;(b;, ;).
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Let €23, be a subdomain which shares an edge £ with {2;. We will show that

HN2 ..
(4.24) an.i (26, 21) S (1+ln h) an,j(0;,05),

where 2z, = z| o, € ‘Hj,. Note that z;, = z; at the vertices on the closure of E' that do not
belong to V; and zj, vanishes at all the vertices on all the other edges of (2, that do not belong
to Vy.

Let zj, be the continuous piecewise cubic polynomial on 90, constructed according to
Definition 4.2. The derivation of (4.24) is analogous to the derivation of (4.16) in the proof
of Lemma 4.11. In fact it is simpler because zj vanishes at the endpoints of E according to
rule (ii) of Definition 4.2. By combining a standard truncation estimate, a discrete Sobolev
inequality Lemma 4.6 and (4.23), we find

ah,k(zky Zk) < Pk|2"7s@11/2 90

Soe((1+m

:Pk((1+l
SPj((lJrl

(1+1 il
<) n o

H
S (1) ang (i ). 0

The following lemma results immediately from Lemma 4.11 and Lemma 4.12.
LEMMA 4.13. There exists a positive constant C' independent of h, H, J, and p such that

>

1503+ | a)

I1Z1Z ) + |5j|§11/2(1§))

\mv\mvm

NN N N o

18503 .oy + 1853372, )

=12
\Uj\Hl/z(an)

va‘

o2
(4.25) Amax (BgopeSn) < C(1+In—)".
Proof. Letv € X}, ¢(I') be arbitrary. Consider a decomposition of v in the form of
J
v = Prlyvy + ZPFEJ'@]‘ vo € Ho, 13']‘ ceH; (1<j< J).
j=1

Based on the characterization of the maximum eigenvalue in (4.4), we need to find an upper
bound for (S,v,v) in terms of (Syvo, vo) and (S;v;, V;).

Since PrE; is supported in the union of €2; and the subdomains which share an edge with
Q;, it follows from the Cauchy-Schwarz inequality that

J J
<S}L’U, ’U> = ag (PFI()’UQ + Z P[‘Ejﬁj, PFI()’UO + Z P[‘Ej?ojj>
j=1 j=1

J
5 CL}C;(PF[QU[), Pp[o’l}o) —|— Z a}c;(PFEj’lojj, PFEJQO)J),
j=1
which together with (4.15) and (4.22) implies

4.26 S 1+1 Hy (S 3 (S,
(4.26) (Spv,v) < ( + nﬁ) ( 0o, Vo +; v],v])
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for an arbitrary decomposition of v € X}, ¢(T).
The estimate (4.25) follows from (4.4) and (4.26). O

4.4. Condition number estimates for Bgppc Sh, and Bz Ay. The following bound
for the condition number of Bgppc.Sy, is a direct consequence of Lemma 4.1 and Lemma 4.13.

THEOREM 4.14. There exists a positive constant C' independent of h, H, J, and p such
that

Amax (Bsppc'S
k(BoppeSp) = ~max(BeopeSn) C(

1 AN
< 1+In—) .
Amin(BeppcSh) )

h
We also have a similar estimate for By Ay,.

THEOREM 4.15. There exists a positive constant C' independent of h, H, J, and p such
that

IIlaXBAL H 2
K(BQA}L):)\ ( 2 }) <C(1—‘rhl*) .

)\min(B2Ah) o h

Proof. From the estimates (4.5) and (4.25) for the extreme eigenvalues of Bgppc Sh, it follows
that

4.27) < B_DchUc,raUc,r> < <ShUC,FaUC,F>

HN\2 __
< (1 +1n ﬁ) ( BI}DCUCI,UCQ Vvor € Xp,c(T).
Combining (2.25) and (4.27), we have

<Ah,DvD7/UD>+<Ah,Q\FUC,SZ\F7UC‘SZ\F>+< B_Dlpcvc,ravc,r>
4.28)  S(Anv,o)

H\?2 _
S(l +In ﬁ) ((Ah,DvD7UD> + <Ah,Q\1"Uc,Q\F7UC,SZ\F> + <BBD1DCUC,F7UC,F>)

for any v € X3, where v = Ipv, + IQ\FUC,Q\F + Irve r is the unique decomposition of v
with respect to X3, p, Xj, c(Q\T'), and X}, o(T'). It then follows from (3.14), (4.28), and the
theory of additive Schwarz preconditioners that

2
(4.29) 1< Amin(B2Apn)  and  Amax(BaAp) < (1 +In %) . 0

5. The case of nonconforming meshes. In this section we extend our preconditioning
techniques to the case of nonconforming meshes. For simplicity we will focus on the mod-
ification of the algorithm for the model problem (1.1) with p = 1. But the case where p is
piecewise constant can also be treated in a similar fashion.

Let 7}, be a nonconforming simplicial mesh for {2, where hanging nodes occur only along
the interface; cf. Fig. 5.1(a). We assume that if an edge of a triangle in 7} has a hanging node,
then the edge is the union of the edges of other triangles in 7},; which of course are from the
other side of I'. Let e C I" be an edge of a triangle in 7. Then e belongs to the set &, r if (i) e
is the common edge of two triangles in 7Ty, or (ii) e contains at least one hanging node. In other
words, the set &, 1 consists of only the long edges, such as the red line segment in Fig. 5.1 (b).

The construction of the intermediate preconditioner B; involves only X}, ¢ and X, p.
The definition of X}, - remains the same under the new definition of £, r. This means that for a
function v € X}, ¢ associated with the nonconforming mesh in Fig. 5.1 (b), its value at vertex 1
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<

(a) (b)

FIG. 5.1. (a) A nonconforming triangulation with hanging nodes along 1" where the red line segment depicts
one edge in &y, 1. (b) Nonconforming meshes along a long edge in £, .

matches its value at vertex 5, its value at vertex 4 matches its value at vertex 6, and its values at
vertices 2 and 3 are determined by the requirement that v is continuous at the red line segment.

The definition of X}, p is modified as follows. A function v € X}, belongs to X, p if (i)
v vanishes at the vertices in V;, and (ii) {v} = 0 at the vertices of the edges of &, - that do
not belong to V. This means that for a function v € X}, _p associated with the nonconforming
mesh in Fig. 5.1(b), its value at vertex 1 is (—1)x its value at vertex 5, its value at vertex
4 is (—1)x its value at vertex 6, and its values at the vertices 2 and 3 are unconstrained.
Consequently, Ay, p is a block diagonal matrix where each block corresponds to an edge in
&p,r and its dimension is 2 plus the number of hanging nodes that appear on the edge.

The proof of the condition number estimate (2.26) remains the same.

The preconditioner B5 involves the BDDC preconditioner, whose construction remains
the same under the new definition of £, r. Here we only illustrate the meaning of the projection
operator Pr : He — X}, ¢(T") for the non-conforming mesh in Fig. 5.1 (b): the values of
Pru at the two vertices of the red line segment are given by the mean of its values at the vertices
1 and 5 and the mean of its values at the vertices 4 and 6. The values of Pr at the vertices 2
and 3 are then determined by the requirement that Prv is continuous at the red line segment.

The key ingredient for the condition number estimates in Section 4 is Lemma 4.6, whose
proof relies on Lemma 4.8. Below we sketch the idea behind the extension of Lemma 4.8 to
the case of nonconforming meshes.

Let v € X} 5. We define ol e X1 so that v and vl have the same values at all the
vertices except the ones on 9§, N I that are interior to the edges in &, r, and the values of vl
at these vertices are chosen so that the restriction of v' to 9, N T is piecewise linear with
respect to the edges in &y 90,~r = {€ € Enr : e C 0N, NT'}. For example (cf. Fig. 5.1 (b)),
the value of v' at the vertices 1 and 4 equal to the values of v. But the values of v at the
vertices 2 and 3 are determined by the condition that v restricted to the red line segment is a
linear polynomial. Let &, i be the set of the edges of triangles in 7}, ;. Then we have

5.1) ST o - B+ 3 lel o —0Tl2,0) < Cani(o,v),
TETh,k e€&n, k
eCQy

where the positive constant C' depends on the shape regularity of 7} ; and the maximum
number of hanging nodes that can appear on the edges in £, 9, nr.

The proof of Lemma 4.8 carries over to the function v and hence Lemma 4.8 also holds
for v because of (5.1).
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(@ (b)

FIG. 6.1. (a) Piecewise constant coefficients p in a checkerboard pattern. (b) Decompositions of Q) into J
subdomains for J = 22,42, 82.

Consequently, Theorem 4.14 and Theorem 4.15 remain valid but now the constants in the
estimates also depend on the maximum number of hanging nodes on the edges in & .

6. Numerical results. In this section we present some numerical results to illustrate the
performance of the preconditioners Bgppc and Bs

We consider the model problem (1.1) on the unit square Q& = (0,1) x (0,1). The
coefficient p is distributed in a checkboard pattern with two different constants p4 and p,, for
ps < py;cf. Fig. 6.1(a). The domain 2 is divided into .J nonoverlapping squares so that p is a
constant on each subdomain and the length of the horizontal/vertical edges of the squares is
denoted by H; cf. Fig. 6.1(b). We use a uniform triangulation 7} of {2, where h denotes the
mesh size; cf. Fig. 2.1(a).

The discrete problem resulting from the SIPG method is solved by the preconditioned
conjugate gradient algorithm. For comparison, the conjugate gradient iteration is also carried
out without preconditioning. The iteration is stopped when the relative residual is less
than 10~5. In Table 6.1 and Table 6.4, the sign — in the CG Iter columns indicates that the
conjugate gradient iteration fails to stop before the maximum number of iterations (= the total
number of unknowns of the discrete problem) is reached.

Numerical results for the preconditioner B; are presented in Table 6.1. For comparison,
the results for case of p = 1 are also presented in Table 6.2. Both set of results are in agreement
with the theoretical estimates in (4.29).

TABLE 6.1
Performance of the preconditioner B in case of discontinuous coefficients p where ps = 1, p, = 10, and
n=>5.

J 1/h H/h PCG Iter K Amin(B2Ap)  Amax(B24p)  CG Iter

6 3 18 5.6914 2.9889%e-1 1.7011 —
22 12 6 17 6.3193 2.7325e-1 1.7267 —
24 12 17 6.5063 2.6644e-1 1.7336 -
42 12 3 20 8.0552 2.8408e-1 2.2884 —
24 6 19 9.6797 2.7016e-1 2.6151 —
82 24 3 23 8.2283 2.8408e-1 2.3375 -

Table 6.3 shows that the performance of the preconditioner Bs is independent of the
choice of 7.

The robustness of the preconditioner Bs with respect to the jump in p is demonstrated in
Table 6.4, where ps = 1 and p,, ranges between 1 and 105; cf. Fig. 6.1(a).
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TABLE 6.2
Performance of the preconditioner Ba in case of p = 1 where n = 5.

J 1/h H/h PCG Iter K Amin(B2A4p)  Amax(B24p)  CG Iter

6 3 16 5.6874 2.9915e-1 1.7014 44
22 12 6 16 6.3172 2.7334e-1 1.7267 79
24 12 16 6.5849 2.6645¢e-1 1.7545 149
42 12 3 16 6.4992 2.9873e-1 1.9415 79
24 6 18 9.0475 2.7332e-1 2.4729 149
82 24 3 18 7.0336 2.9854e-1 2.0998 149
TABLE 6.3
Dependence of the preconditioner By on 1 where p =1, J = 4%, and h = 1/16.
. By Ay, Ap,
K PCG TIter K CG Iter

5 75117 17 7.7883e+2 102
10 5.9025 16 1.5611e+3 137
50 8.1257 20 7.7914e43 253
100 8.8201 20 1.5578e+4 299

TABLE 6.4
Robustness of the preconditioner Ba with respect to the jump in the coefficient p where ps = 1, =5, J = 42,
and h =1/12.

By Ay, Ay,
K PCG Iter K CG Iter

1 6.4992 16 4.2383e+2 83
10t 7.7321 17 1.3226e+3 200
102 8.0202 18 1.1169e+4 482
103 8.0517 18 1.1042e4+5 —
10*  8.0549 19 1.1030e+6 —
10°  8.0552 20 1.1029e+7 —

PL

TABLE 6.5
Results for the preconditioners Beppc and Bs for ps = 1, and py, = 10 where n = 5 and J = 3.
B S BA
l/h H/h 'BDDC P h 241p
R )\min >\max K >\min >\max

9 3 13082 1.0000 1.3082 5.9399 2.8824e-1 1.7121
18 6 14640 1.0000 1.4640 6.4698 2.7129e-1 1.7551
30 10 1.5872 1.0000 1.5872 6.8798 2.6693e-1 1.8365
36 12 1.6328 1.0000 1.6328 7.0218 2.6611e-1 1.8686
48 18 1.7066 1.0000 1.7066 7.2479 2.6525e-1 1.9225

From a comparison between the results in Table 6.5, the decisive effect of the precondi-
tioner Bpppc on the performance of the preconditioner Bs can be observed, which agrees
with the analysis in Theorem 4.15.
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\ C= »s(BBDDC Sh)/(l+ln(H/h))2
0.28 -

08 [

0.7

06

05

0.4

C= m(B2 Ah)/(l+ln(H/h))2

FIG. 6.2. Left figure: the behavior of k (BsppcS) / (1 + In(H/h))? for the BDDC preconditioner; Right
figure: the behavior of k (B2 Ay) / (1 + In(H/h))? for the preconditioner Ba.

10t | 10% | 10* 1 10* 1
1 10* 1 102 10* 1 10*
102 | 10! | 10° 1 104 1

FIG. 6.3. Left figure: Type A; Center figure: Type B; Right figure: Type C.

TABLE 6.6
Results for the preconditioners Bgppc and Ba for three different types of coefficient distribution where n = 5
and J = 32.

1/h Type K(BBDpcsh) K(BQAh) Ii(Ah>
A 1.6324 6.0782  2.4113e+2

9 B 1.3932 6.0386  3.4076e+5
C 1.0007 6.0401 3.3000e+6
A 2.7886 10.6070  3.9386e+3

36 B 2.1798 8.4656  4.5804e+6
C 1.0016 6.5222 4.4116e+6

The numbers « (BappcSk) / (1 +In(H/h))? and s (B2 Ay) / (14 In(H/h))? are plot-
ted in Fig. 6.2 against H/h. As H/h increases, these two numbers settle down around 0.1 and
0.5, which indicates that the condition number estimates in Theorem 4.14 and Theorem 4.15
are sharp. Table 6.6 shows how the performance of the preconditioners Bgppc and Bs is
affected by a variation of the jump of p in three different patterns depicted in Fig. 6.3. The

minimum of the multiplicative jump across the edges of subdomains is 1, 10, and 10* for
Type A, Type B, and Type C, respectively.

The numerical results in Table 6.7 present the performance of the preconditioners Bgppc
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FIG. 6.4. A nonconforming triangulation of 2 for case of p = 1, where J = 32.

TABLE 6.7
Results for the preconditioners Bpppc and B2 in case of a nonconforming triangulation where p = 1 and
n = 10.

J 1/he H/he Bpppc S By Ay, Ap,
R )\min >\max R >\min >\max R
6 2 1.2423 1.0000 1.2423 8.1014 2.2008e-1 1.7830 3.3226e+2
32 12 4 1.5755 1.0000 1.5755 8.0913 2.2066e-1 1.7854 1.3113e+3
24 8 2.0866 1.0000 2.0866 9.5509 2.2067e-1 2.1076 5.2346e+3
62 12 2 1.5470 1.0000 1.5470 8.1482 2.1967e-1 1.7899 1.3259e+3
24 4 20908 1.0000 2.0908 9.5502 2.2064e-1 2.1071 5.2601e+3

and B, for the case of nonconforming meshes (cf. Fig. 6.4), which agrees with the discussion

in Section 5.

Appendix A. References for the notations. For the convenience of the readers, we
provide references in Table A.1 for the notations that appear in multiple sections.

TABLE A.1
References for the notations.

Notation Reference ‘ Notation Reference ‘ Notation  Reference
Ay 2.7) Apc 2.9) Anp (2.8)
an;(-,-) (2.10) Ah,Q\r (2.20) af 3.5)
Bsppe (3.12) By (2.23) B (3.14)
E; (3.13) He 3.4 H; 3.3)
H 3.7) Ho (3.8) Ip (2.24)
Ir (2.24) IQ\F (2.24) Pr 3.9
Pe (1.4) {pVo} (1.6) Sh 2.21)
S (3.11) So (3.10) Th,j (3.2)
[v] (1.5) Vi 2.1 Ve (2.2)
Xn (1.2) Xhn.c 2.4) Xnc@) (2.19)
Xnc(Q\T) (2.18) Xn.p 2.5) Xh.j (3.1)



http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

BDDC PRECONDITIONER FOR SIPG 213

REFERENCES

[1] P. F. ANTONIETTI AND B. AYUSO, Schwarz domain decomposition preconditioners for discontinuous
Galerkin approximations of elliptic problems: non-overlapping case, M2AN Math. Model. Numer. Anal.,
41 (2007), pp. 21-54.

, Two-level Schwarz preconditioners for super penalty discontinuous Galerkin methods, Commun.
Comput. Phys., 5 (2009), pp. 398-412.

[3] P. F. ANTONIETTI, B. AYUSO DE Di10Ss, S. C. BRENNER, AND L.-Y. SUNG, Schwarz methods for a
preconditioned WOPSIP method for elliptic problems, Comput. Methods Appl. Math., 12 (2012), pp. 241—
272.

[4] P. F. ANTONIETTI AND P. HOUSTON, A class of domain decomposition preconditioners for hp-discontinuous
Galerkin finite element methods, J. Sci. Comput., 46 (2011), pp. 124-149.

[S] D. N. ARNOLD, An interior penalty finite element method with discontinuous elements, SIAM J. Numer. Anal.,
19 (1982), pp. 742-760.

[6] D.N. ARNOLD, F. BREZZI, B. COCKBURN, AND L. D. MARINI, Unified analysis of discontinuous Galerkin
methods for elliptic problems, SIAM J. Numer. Anal., 39 (2001/02), pp. 1749-1779.

[7]1 B. Ayuso DE D10s, M. HOLST, Y. ZHU, AND L. ZIKATANOV, Multilevel preconditioners for discontinuous,
Galerkin approximations of elliptic problems, with jump coefficients, Math. Comp., 83 (2014), pp. 1083—
1120.

[8] B. AYUSO DE DIOS AND L. ZIKATANOV, Uniformly convergent iterative methods for discontinuous Galerkin
discretizations, J. Sci. Comput., 40 (2009), pp. 4-36.

[9] A.T.BARKER, S. C. BRENNER, E.-H. PARK, AND L.-Y. SUNG, Two-level additive Schwarz preconditioners
for a weakly over-penalized interior penalty method, J. Sci. Comput., 47 (2011), pp. 27-49.

[10] J. H. BRAMBLE, J. E. PASCIAK, AND A. H. SCHATZ, The construction of preconditioners for elliptic
problems by substructuring. I, Math. Comp., 47 (1986), pp. 103-134.

[11] S. BRENNER, E.-H. PARK, AND L.-Y. SUNG, A balancing domain decomposition by constraints precondi-
tioner for a weakly over-penalized symmetric interior penalty method, Numer. Linear Algebra Appl., 20
(2013), pp. 472-491.

[12] S. C. BRENNER, L. OWENS, AND L.-Y. SUNG, A weakly over-penalized symmetric interior penalty method,
Electron. Trans. Numer. Anal., 30 (2008), pp. 107-127.
http://etna.ricam.oeaw.ac.at/vol.30.2008/ppl07-127.dir/ppl07-127.pdf

[13] S. C. BRENNER AND L. R. SCOTT, The Mathematical Theory of Finite Element Methods, 3rd ed., Springer,
New York, 2008.

[14] S. C. BRENNER AND L.-Y. SUNG, BDDC and FETI-DP without matrices or vectors, Comput. Methods Appl.
Mech. Engrg., 196 (2007), pp. 1429-1435.

[15] E. BURMAN AND P. ZUNINO, A domain decomposition method based on weighted interior penalties for
advection-diffusion-reaction problems, SIAM J. Numer. Anal., 44 (2006), pp. 1612-1638.

[16] C. CANUTO, L. F. PAVARINO, AND A. B. PIERIL, BDDC preconditioners for continuous and discontinuous
Galerkin methods using spectral/hp elements with variable local polynomial degree, IMA J. Numer.
Anal., 34 (2014), pp. 879-903.

[17] L. T. DIOSADY AND D. L. DARMOFAL, A unified analysis of balancing domain decomposition by constraints
for discontinuous Galerkin discretizations, SIAM J. Numer. Anal., 50 (2012), pp. 1695-1712.

[18] C. R. DOHRMANN, A preconditioner for substructuring based on constrained energy minimization, SIAM J.
Sci. Comput., 25 (2003), pp. 246-258.

[19] J. DOUGLAS, JR. AND T. DUPONT, Interior penalty procedures for elliptic and parabolic Galerkin methods,
in Computing Methods in Applied Sciences (Second Internat. Sympos., Versailles, 1975), R. Glowinski
and J. L. Lions, eds., Lecture Notes in Phys., Vol. 58, Springer, Berlin, 1976, pp. 207-216.

[20] M. DRYJA, On discontinuous Galerkin methods for elliptic problems with discontinuous coefficients, Comput.
Methods Appl. Math., 3 (2003), pp. 76-85.

[21] M. DRYJA, J. GALVIS, AND M. SARKIS, BDDC methods for discontinuous Galerkin discretization of elliptic
problems, J. Complexity, 23 (2007), pp. 715-739.

, The analysis of a FETI-DP preconditioner for a full DG discretization of elliptic problems in two
dimensions, Numer. Math., 131 (2015), pp. 737-770.

[23] M. DRYJA AND O. B. WIDLUND, An additive variant of the Schwarz alternating method in the case of many
subregions, Tech. Report 339, Department of Computer Science, Courant Institute, 1987.

[24] X. FENG AND O. A. KARAKASHIAN, Two-level additive Schwarz methods for a discontinuous Galerkin
approximation of second order elliptic problems, SIAM J. Numer. Anal., 39 (2001), pp. 1343-1365.

, Two-level non-overlapping Schwarz preconditioners for a discontinuous Galerkin approximation of
the biharmonic equation, J. Sci. Comput., 22/23 (2005), pp. 289-314.

[26] H. H. KM, E. T. CHUNG, AND C. S. LEE, A BDDC algorithm for a class of staggered discontinuous Galerkin
methods, Comput. Math. Appl., 67 (2014), pp. 1373-1389.

(2]

[22]

[25]



http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at
http://etna.ricam.oeaw.ac.at/vol.30.2008/pp107-127.dir/pp107-127.pdf

214

[27]
[28]
[29]
[30]

[31]

[32]
[33]
[34]
[35]

[36]

(371

ETNA

Kent State University and
Johann Radon Institute (RICAM)

S. C. BRENNER, E.-H. PARK, AND L.-Y. SUNG

J. L1 AND O. B. WIDLUND, FETI-DP, BDDC, and block Cholesky methods, Internat. J. Numer. Methods
Engrg., 66 (2006), pp. 250-271.

J. MANDEL AND C. R. DOHRMANN, Convergence of a balancing domain decomposition by constraints and
energy minimization, Numer. Linear Algebra Appl., 10 (2003), pp. 639-659.

T. P. A. MATHEW, Domain Decomposition Methods for the Numerical Solution of Partial Differential
Equations, Springer, Berlin, 2008.

B. RIVIERE, Discontinuous Galerkin Methods for Solving Elliptic and Parabolic Equations, SIAM, Philadel-
phia, 2008.

J. SCHOBERL AND C. LEHRENFELD, Domain decomposition preconditioning for high order hybrid discontin-
uous Galerkin methods on tetrahedral meshes, in Advanced Finite Element Methods and Applications,
T. Apel and O. Steinbach, eds., Lect. Notes Appl. Comput. Mech., 66, Springer, Heidelberg, 2013,
pp- 27-56.

L. R. SCOTT AND S. ZHANG, Finite element interpolation of nonsmooth functions satisfying boundary
conditions, Math. Comp., 54 (1990), pp. 483-493.

B. F. SMITH, P. E. BJORSTAD, AND W. D. GROPP, Domain Decomposition, Cambridge University Press,
Cambridge, 1996.

A. TOSELLI AND O. WIDLUND, Domain Decomposition Methods—Algorithms and Theory, Springer, Berlin,
2005.

M. F. WHEELER, An elliptic collocation-finite element method with interior penalties, SIAM J. Numer. Anal.,
15 (1978), pp. 152-161.

O. B. WIDLUND, An extension theorem for finite element spaces with three applications, in Numerical
Techniques in Continuum Mechanics, W. Hackbusch and K. Witsch, eds., Vieweg, Braunschweig, 1987,
pp- 110-122.

J. XU, Iterative methods by space decomposition and subspace correction, SIAM Rev., 34 (1992), pp. 581-613.


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

