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Abstract. The theory of generalized locally Toeplitz (GLT) sequences is a powerful apparatus for computing
the asymptotic spectral distribution of square matrices A,, arising from the discretization of differential problems.
Indeed, as the mesh fineness parameter n increases to co, the sequence { Ay, }», often turns out to be a GLT sequence.
In this paper, motivated by recent applications, we further enhance the GLT apparatus by developing a full theory of
rectangular GLT sequences as an extension of the theory of classical square GLT sequences. We also provide two
examples of application as an illustration of the potential of the theory presented herein.
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1. Introduction. Suppose that a linear differential problem is discretized using a mesh
characterized by a fineness parameter n. In this case, the computation of the numerical
solution reduces to solving a linear discrete problem—e.g., a linear system or an eigenvalue
problem—identified by a square matrix A,,. The size of A,, grows as n increases, i.e., as the
mesh is progressively refined, and ultimately we are left with a sequence of matrices A,, such
that size(A,) — oo as n — oo. What is often observed in practice is the following:

e As long as the considered mesh enjoys a certain structure, the sequence { Ay, }, is structured
as well, and, in particular, it falls into the class of generalized locally Toeplitz (GLT)
sequences [4, 6, 7, 21, 22]. Depending on the considered problem, {A,},, could be
a traditional scalar GLT sequence [21], a multilevel GLT sequence [22], a block GLT
sequence [6], a multilevel block GLT sequence [7], or a reduced (multilevel block) GLT
sequence [4].

e The eigenvalues of A,, enjoy an asymptotic distribution described by a function f in the
sense of Definition 2.3. The function f, known as the spectral symbol of {A,, },,, normally
coincides with the so-called kernel (or symbol) of the GLT sequence {4, },, and can be
computed precisely through the theory of GLT sequences.

The theory of GLT sequences is therefore an apparatus—to the best of the authors’ knowledge,

the most powerful apparatus—for computing the spectral symbol f of sequences of matrices

{A,}, arising from the discretization of differential problems. The spectral symbol in turn is

useful for several purposes, ranging from the design of appropriate solvers for the considered

discretization matrices to the analysis of the spectral approximation properties of the considered
discretization method; see [6, Section 1.2] and [21, Section 1.1] for more details.

Nowadays, the main references for the theory of GLT sequences and the related appli-
cations are the books [21, 22] and the review papers [4, 6, 7]. We therefore refer the reader
to these works for a comprehensive treatment of the topic, whereas for a more concise in-
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troduction to the subject, we recommend the papers [13, 20, 23, 24]. From a theoretical
point of view, among the main recent developments not included in [4, 6, 7, 21, 22], we
mention the equivalence between GLT sequences and measurable functions [2], the normal
form of GLT sequences [3], the perturbation results for GLT sequences [8], the analysis of the
connections between the spectral symbol and the spectrum of the operator associated with the
considered differential problem [10, 11, 25], and the first “bridge” between spectral symbols
and spectral analysis of graphs/networks [1]. From an applicative point of view, among the
main recent developments not included in [4, 6, 7, 21, 22], we mention the application to
fractional differential equations [16, 17] and incompressible Navier-Stokes equations [19, 28].

Despite the remarkable development that the theory of GLT sequences has reached
nowadays, recent applications [18, 28] suggested the need for a notion of rectangular GLT
sequences in order to further enhance the GLT apparatus. In this paper, we introduce such
a notion and develop a full theory of rectangular (multilevel block) GLT sequences as an
extension of the theory of classical square (multilevel block) GLT sequences. We also provide
two examples of application as an illustration of the potential of the theory presented herein.

To give an a priori flavor of the relevance of the theory of rectangular GLT sequences,
consider the applications that inspired this paper, i.e., the Taylor-Hood stable finite element
(FE) discretization of the linear elasticity equations [18] and the staggered discontinuous
Galerkin approximation of the incompressible Navier-Stokes equations [28]. In these cases,
the numerical solution is computed by solving a linear system whose coefficient matrix has a
saddle-point structure of the form

An efficient solution of this system relies on block Gaussian elimination and essentially reduces
to solving a linear system whose coefficient matrix is the Schur complement

Sp = An(2,2) — An(2, 1)(An(1, 1))_1An(1a 2);

see [9, Section 5]. What is relevant to us is that the sequences {4, (, j) }», are, up to minor
transformations, square GLT sequences for ¢ = j and rectangular GLT sequences for i # j.
As a consequence, the spectral distributions of {A,, },, and {5, },, can be computed through
the theory of rectangular GLT sequences, and especially through properties GLT 4 and GLT 6
in Section 5, which allow us to “connect” GLT sequences with symbols of different size.
In [18, 28], the authors computed the spectral distributions of { A, },, and {S,, },, by either
resorting to the complicated technique of “cutting matrices” employed in the convergence
analysis of multigrid methods or using specific results that are special cases of the theory
developed herein. These approaches were adopted as workarounds to remedy the lack of a
theory of rectangular GLT sequences; they are somehow application dependent, and ultimately
they are intrinsically “wrong”. The “right” approach—more natural, more general, and
simpler—is the one we will present in Section 6, which fully exploits the theory of rectangular
GLT sequences.

The paper is organized as follows. In Section 2, we collect some background material
along with preliminary notations and results. In Section 3, we introduce and study the extension
operator, i.e., the key tool for transferring results about square GLT sequences to rectangular
GLT sequences. In Section 4, we develop the theory of rectangular GLT sequences, which is
then summarized in Section 5. In Sections 6-7, we provide two illustrative applications of the
presented theory. We draw conclusions in Section 8.
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2. Preliminaries.

2.1. General notation and terminology.

If a1,...,a, € R, we define ag A -+ A, = min(ay,...,a,) and a3 V -+ Vo, =
max(aq, ..., Q).
e We denote by e&"), ceey eﬁl") the vectors of the canonical basis of C™.

® O, Oy, and I, denote, respectively, the m x n zero matrix, the n X n zero matrix, and
the n x n identity matrix. Sometimes, when the sizes can be inferred from the context, O is
used instead of O, ,, Oy, and [ is used instead of I,.

Foreveryr,s € N={1,2,...} andevery« = 1,...,rand 8 = 1,..., s, we denote by
Eg'és) the 7 x s matrix having 1 in position (o, 3) and 0 elsewhere, and we set E((j/; = E(()j;s).
The eigenvalues of a matrix X € C"*"™ are denoted by \;(X), ¢ =1,...,n. The singular
values of a matrix X € C™*™ are denoted by 0;(X), i = 1,...,m A n. The maximum
and minimum singular values of X are also denoted by oax(X) and oy (X).

For every X € C™*", we denote by || X || = omax(X) the spectral (Euclidean) norm of X,
by X* the conjugate transpose of X, and by X T the Moore-Penrose pseudoinverse of X.
C.(C) (resp., C.(R)) is the space of complex-valued continuous functions defined on C
(resp., R) with bounded support.

Jur. denotes the Lebesgue measure in R*. Throughout this work, unless stated otherwise, all
the terminology from measure theory (such as “measurable set”, “measurable function”,
“a.e.”, etc.) is always referred to the Lebesgue measure.

Let D C R*. An 7 x s matrix-valued function f : D — C"** is said to be measurable
(resp., continuous, a.e. continuous, bounded, in L? (D), in C*°(D), etc.) if its components
faop : D = C,a=1,...,r, B = 1,...,s, are measurable (resp., continuous, a.e.
continuous, bounded, in LP(D), in C*° (D), etc.).

Let f,,, f : D C RF — C"** be measurable. We say that f,, converges to f in measure
(resp., a.e., in LP(D), etc.) if (f,n)ap converges to f, s in measure (resp., a.e., in L (D),
etc.)foralla=1,...,rand 8 =1,...,s.

We use a notation borrowed from probability theory to indicate sets. For example, if
f,g : D C R¥ — C", then {f has full rank} = {x € D : f(x) has full rank},
ur{|lf — gll > €} is the measure of the set {x € D : || f(x) — g(x)|| > ¢}, etc.

2.2. Multi-index notation. A multi-index ¢ of size d, also called a d-index, is simply a

vector in Z¢.

0,1, 2, ... are the vectors of all zeros, all ones, all twos, . .. (their size will be clear from
the context).

For any vector n € R%, we set N(n) = H:.izl n;, and we write n — oo to indicate that
min(n) — oco.

o Ifh k€ R<, then an inequality such as h < k means that h; < k; forall: =1,...,d.

e If h k are d-indices such that h < k, then the d-index range {h,...,k} is the set
{i € Z%: h <1 < k}. We assume for this set the standard lexicographic ordering:

[ (LG ia) bzt |

ig_1=hdg—1,--,ka—1 "’ :|i1:h17-~~;k31.

For instance, in the case d = 2, the ordering is

(hlahQ)a (h‘lahQ + 1)v ceey (h17k2)7
(hl + 1,h2)7 (hl +1,he + 1)7 e (hl + 1,k2),
......... (kv ho), (kyo b+ 1), s (R, Eo).
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e When a d-index ¢ varies in a d-index range {h, . . ., k} (this is often writtenas ¢ = h, ..., k),
it is understood that ¢ varies from h to k following the lexicographic ordering.

e If h, k are d-indices with h < k, then the notation Zf:h indicates the summation over all
i=h,... k.

e Operations involving d-indices (or general vectors with d components) that have no meaning
in the vector space R% must always be interpreted in the componentwise sense. For instance,

ig = (i1J1,---iaja), 1/3 = (i1/J1, - - - ia/Ja)s ete.

2.3. Multilevel block matrices. If n € N% and X = [44]7j—1, Where each z;; is a
matrix of size r x s, then X is a matrix of size N(n)r x N(n)s whose “entries” x;; are
r x s blocks indexed by a pair of d-indices ¢, j, both varying from 1 to n according to the
lexicographic ordering. Following Tyrtyshnikov [32, Section 6], a matrix of this kind is
referred to as a d-level (r, s)-block matrix (with level orders n = (nq,...,n4)).

For every n € N and every 4,j = 1,...,n, we denote by EZ(;”) the N(n) x N(n)
matrix having 1 in position (4, j) and O elsewhere. If X = [z;;]7;_, is a d-level (r, s)-block
matrix, then

@1 X = [25]05-, = Z B @ 255,

2,j=1

where ® denotes the tensor product; see (2.2).

Two fundamental examples of multilevel block matrices are given by multilevel block
Toeplitz matrices and multilevel block diagonal sampling matrices. We provide below the
corresponding definitions.

DEFINITION 2.1 (Multilevel block Toeplitz matrix). Let f : [—m,71]% — C"** be in
LY ([—m, 7]%), and let { fx. },cz4 be the Fourier coefficients of f defined as follows:

1

= my

/ f(@) e *0d9 ¢ C¢, kez
[~

where k - 0 = k1601 + ... + k404 and the integrals are computed componentwise. For every
n € N9, the nth (d-level (r, s)-block) Toeplitz matrix generated by f is the d-level (r, s)-block
matrix defined as

_ R )
Tn(f) = [fifjmjzl - Z Eij ® fifj~
ij=1
DEFINITION 2.2 (Multilevel block diagonal sampling matrix). Let a : [0, 1]¢ — C"**.
For every n € N9, the nth (d-level (r, s)-block) diagonal sampling matrix generated by a is
the d-level (r, s)-block diagonal matrix defined as

Dy (a) = dlag a( ) ZE(n ®a( )

i=1,.

2.4. Multilevel block matrix-sequences. Throughout this paper, a sequence of matrices
is a sequence of the form { A, },, where n varies in some infinite subset of N and A,, is
a d,, X e, matrix such that both d,, and e,, tend to co as n — oco. A d-level (r, s)-block
matrix-sequence is a special sequence of matrices of the form { A, },,, where:

e 1 varies in some infinite subset of N;
e n = n(n) is a d-index in N? which depends on n and satisfies . — 0o as n — oo;
e A, is a matrix of size N(n)r x N(n)s.
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If {A,},, is a d-level (r, s)-block matrix-sequence, then A,, can be seen as a d-level (r, s)-
block matrix and can be written in block form as in (2.1):

n
A== 3 B 0l
i,j=1
where agw isan 7 x s matrix. A d-level (s, s)-block matrix-sequence is also referred to as a

d-level s-block matrix-sequence.

2.5. Tensor products. If X, Y are matrices of any dimension, say X € C™**" and
Y € C™2*"2_then the tensor (Kronecker) product of X and Y is the mims X niny matrix
defined by
.Z‘HY e Tin, Y
(2.2) X®Y = [z, Yo m = :

xmlly ce xmlnly

The properties of tensor products that we need in this paper are collected below. For further
properties, we refer the reader to [22, Section 2.5]; see also [7, Section 2.2.2].
For all matrices X, Y, Z, we have
(2.3) XV =XTevT,
24 Xe(Y®2)=(XeY)®Z
For all matrices X, Y, Z and all scalars o, 5 € C, we have
25) (X +0Y)®Z=a(X®2)+ (Y ® Z),
' X@ @Y +8Z)=a(X®Y)+B(X®Z).

Whenever X, X5 are multipliable and Y7, Y5 are multipliable, we have
(2.6) (X19Y1)(X2®Ys) = (X1 X)) ® (Y1Y2).
For every k1, ko € N, let ¢ = [¢(1),¢(2),...,((k1k2)] be the permutation of [1,2,. .., kikso]
given by
C=[1ka+1,2ka+1,... (k1 — 1)ka + 1,
20ko +2,2ko +2,..., (k1 — 1)ka + 2,

ko,2ko, 3k ... kiks],
ie.,
i—1
k1
and let Py, 1, be the permutation matrix associated with ¢, i.e., the k1 £y x k1 ko matrix whose

kik kik o
Tows are (eé(i)z))T, o (eé(}ﬁil))T (in this order). Then,

I, ® (e*)T

I, ® (e§k2))T k2
2.7 Pog=| =Y e @, ® ()T,

¢(i) = ((¢ — 1) mod ky ) ko + { J +1,  i=1,... kiko,

I, ® (eg?))T
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and
2.8) Y ®X = Punym,(X®Y)PL

for all matrices X € C™1*™ and Y € C™2*n"2,

2.6. Singular value and spectral distributions of a sequence of matrices.
DEFINITION 2.3 (Singular value and spectral distributions of a sequence of matrices).
o Let {A,}n, be a sequence of matrices with A, of size d, X e,,, and let f : D C RF — C7%s
be measurable with 0 < ui(D) < oo. We say that { A, },, has a (asymptotic) singular
value distribution described by f, and we write { A}, ~5 f, if

rAs

> Floi(Ay)) = MkD / Lo Flo (()))dx, VF e C.(R).

In this case, the function f is referred to as the singular value symbol of { A, }n.

o Let {A,}n be a sequence of matrices with A,, of size d, X d,, and let f : D C RF — C5xs
be measurable with 0 < (D) < co. We say that { Ay, },, has a (asymptotic) spectral (or
eigenvalue) distribution described by f, and we write { Ay}, ~x f, if

F(\(Ap)) = Mkl / izt F(S)\i(f(x)))dx7 VF e C.(C).

In this case, the function f is referred to as the spectral (or eigenvalue) symbol of { A }n.
Note that Definition 2.3 is well-posed by [7, Lemma 2.5], which ensures that the functions
x = S F(oi(f(x))) and x +— 35, F(N(f(x))) are measurable. We refer the reader
to [6, Remark 2.9] for the informal meaning behind the singular value and spectral distributions
of a sequence of matrices. The next lemma will be used (only) in the proof of Theorem 4.6.
LEMMA 2.4. Let { A}, be a sequence of matrices with A, of size d,, X e,,, and let
f: D CRF — C"** be measurable with 0 < (D) < oo. If {An}n ~o f and f has full
rank a.e., then

po e (L daNen) ioi(A) =0}

n—00 dp N ey

We remark that the set { f has full rank} = {omin(f) # 0} is measurable because the
function x — opin(f(x)) is measurable by [7, Lemma 2.5].

Proof. Suppose that {A,}, ~, f. Forevery M > 0, take Fy; € C.(R) such that
Fy(@y)=1—Myfor0 <y <1/Mand Fy(y) =0fory > 1/M. Since Fj;(0) = 1 and
F is a non-negative decreasing function on [0, 00), for every M > 0 we have

. dnNe
#lie{l,...,d, Ne,}:0i(A,) =0 1 —
(i fdanend o) Z0) L K

o1 /z:A;FM@(f(x)))d

(D rASs
< ﬁ/DFM(Umm(f(x)))dx.

2.9

X

Since Fi;(0) = 1 and Fj; — 0 pointwise on (0, 00) as M — oo, the dominated convergence
theorem yields

/ Fp(omin(f(x)))dx Moo, Pk OTmin(f) :O},
D

pie(D) k(D)
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which is equal to 0 by the assumption that f has full rank a.e. By taking first the (upper) limit
as n — oo and then the limit as M — oo in (2.9), we get the thesis. O

We conclude this section with the definition of zero-distributed sequences.

DEFINITION 2.5 (Zero-distributed sequence). A sequence of matrices {Z,,},, with Z,, of
size d,, X ey, is said to be zero-distributed if { Z, },, ~o 0, ie.,

dn Ne,
. 1 n n B
lim T he. ; F(oi(Z,)) = F(0), VYF eC.(R).

Note that, for any r,s > 1, {Z,},, ~o 0 is equivalent to {Z,,}, ~o Oy s.

2.7. Rectangular a.c.s. The notion of (square) approximating class of sequences (a.c.s.)
plays a central role in the theory of GLT sequences and has been investigated in [6, 7, 21, 22];
see also [2, 5]. We here introduce the notion of a.c.s. for sequences of rectangular matrices.

DEFINITION 2.6 (Rectangular a.c.s.). Let {A,}, be a sequence of matrices with
Ay, of size dy, X ey, and let {{Bpn m}n}m be a sequence of sequences of matrices with
By, of size dy, X en. We say that {{By, m}n}m is an a.c.s. for {A,}n, and we write
{Brn.m}n 285 [ A, Y, if the following condition is met: for every m there exists 1, such
that, for n > ny,,

An = Bn,m + Rn,m + Nn,rm rank(Rn,m) < C<m)(dn A en); ||Nn,m|| < w(m)a

where Ny, c(m), w(m) depend only on m and lim,,, —, oo c(m) = lim, 00 w(m) = 0.
In the case where d,, = e, Definition 2.6 reduces to the definition of classical square
a.c.s. [7, Definition 2.31].

2.8. GLT sequences. In this section we summarize the theory of square (multilevel
block) GLT sequences, which is the basis for the theory of rectangular (multilevel block) GLT
sequences developed in this paper. The content of this section can be found in [7].

A d-level s-block GLT sequence { Ay, }, is a special d-level s-block matrix-sequence
equipped with a measurable function « : [0, 1] x [—7, 7]? — C***, the so-called symbol (or
kernel). We use the notation { A, },, ~grr & to indicate that { A,, },, is a d-level s-block GLT
sequence with symbol «.

GLTO. If {A,}, ~arr K, then {A,, },, ~crr € if and only if Kk = € a.e.
If 5 : [0,1]¢ x [—7, )% — C*** is measurable and {n = n(n)}, is a sequence of
d-indices such that n — oo as n — oo, then there exists { Ay, }, ~arr K-
GLT1. If {A,}, ~acrr K, then {An}, ~» K. If {An}s ~cor + and the matrices A,, are
Hermitian, then x is Hermitian a.e. and { A, },, ~x k.
GLT2. If {A,}, ~cir k and A,, = X,, + Y,,, where
e cvery X, is Hermitian,
o (N(n))"V2|[Ynll2 — o0,
then { P} A, P,}, ~s 1 k for every sequence { P}, such that P,, € CN(n)sxon
P:P, =1Is,,0, < N(n)s,and d,/(N(n)s) — 1.
GLT 3. For every sequence of d-indices {n = n(n)}, such that n — oo as n — oo,
o {To(F)}bn ~ar K(x,0) = F(O)if f : [~m, 74 — C** isin L1 (|-, 7]"),
e {Dy(a)}n ~crr K(x,0) = a(x) ifa : [0,1]% — C*** is continuous a.e.,
o {Zn}n ~arr k(x,0) = Os ifand only if {Z,, },, ~4 0.
GLT4. If {An}n ~gLr K and {Bn}n ~grr &, then
{A}n ~aur K7,
{aAy + BBn}n ~cur ak + S forall a, 5 € C,
{Aan}n ~GLT Hf’
{Al Y, ~cir k™1 if K is invertible a.e.
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GLTS. If {A,}n ~aur k and each A,, is Hermitian, then {f (A, )}, ~crr f(x) for every
continuous function f : C — C.

GLT6. If {A, ;;}, is a d-level s-block GLT sequence with symbol «;; fori,j =1,...,r
and Ap, = [An ]} j—1» then {(P; n(n) ® 1) An(Pr nn) ® I5)"}n is a d-level
rs-block GLT sequence with symbol k& = [r;;]7 ;_;, where Py, x, is the permutation
matrix defined in (2.7).

GLT7. {A,}, ~cur k if and only if there exist {Bn.m}n ~cir Km such that
{Bn,m}n RN {An}n and k,,, — K in measure.

GLT 8. Suppose that { Ay, },, ~crr & and { By m }n ~6LT £m- Then, { By m In 2 {Antn
if and only if ,, — & in measure.

GLTY. If {A,},, ~crr K, then there exist functions a; m, fim, ¢ =1,..., Ny, such that
® a;m:[0,1] — C belongs to C*°(]0,1]%) and f; ,, is a trigonometric monomial

in {eij'gEl(jﬁ) :jezi 1<a,pB<s},
o K (%,0) = SN 45 (X) fim(0) = K(x,0) ae.,

. {Bn,m}n_{z Ut D (@im L) T (fim) ), = {An}n.

3. Extension operator. In this section we introduce the extension operator, which is
essential to relate the theory of rectangular GLT sequences to the theory of square GLT
sequences. We also study some properties of this operator that is needed later on.

3.1. Definition of extension operator. In what follows, if a,t € N and a < ¢, then we
denote by 7, ¢ the a x ¢ matrix given by 7, = [I, | O].
DEFINITION 3.1 (Extension operator). Let r, s,t be positive integers such thatt > r V s.
e We define the extension operator E!. , : C"*% — C'*! as the linear operator that extends
each r x s matrix to a largert x t matrix by adding zero columns to the right and zero rows
below:

3.1 E} (x) = {g g] = ﬂ'zjtst)t.

e With some abuse of notation, we define the extension operator E
(r, s)-block matrices. If

s also for multilevel

n
X = [mij]ijl = Z Ez(;l) & x5

2,j=1

is a d-level (r, s)-block matrix, then each “entry” x;; is an r X s block, and we define
Eﬁ’S(X ) as the d-level t-block matrix obtained from X by just adding zero columns to the
right and zero rows below each block x;;:

(32) Efys(X) = [Ers 'TU zg 1= Z E(n)®Et $1,_7)
3,j=1

In the case where v = s, we use the notation E' instead of E;S for simplicity.
By the properties (2.3), (2.6), (2.8) of tensor products, for every d-level (r, s)-block matrix

X = Z Ez(;l) ® xij = Pr N(n) ( Z Tij & Ei?)ﬂ N(n)

2,j=1 i,j=1
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we have
n
t _ (n) t ( ) T
ET,S(X) - Z Ez] ® Er,s(xlﬂ Pt N(n) ( Z E ng Pt,N(n)
i,j=1 i,j=1

n
= BN ( Z T @i @ Ef?) PEN(n)
%,j=1

= Pt,N(n)( rt®IN n) <Z Tij ®E( ) Ws,t@IN(n))PtTN(n)
i,5=1

n (n)
" i QE O
=P, n(n) 2ig=1 xOJ 9 Ei 0 PtTN(n)
pT XP, N O
— Pt7N('n,) |: T,N(n)o ) (n) O:l PEN(n),
ie.,
X O
(3.3) Ey o(X) = QreNem) [0 O] 5,t,N ()
where

PN 0
)

Qatnem = Prnm IN(n)(t-a)

is an N(n)t x N(n)t permutation matrix for any ¢ € N with a < ¢. Equation (3.3) can be
seen as a definition of Ef _(X) alternative to (3.2).

3.2. Algebraic properties. As it is clear from (3.1) and (3.3), the extension operator
Eﬁ s 1s linear on both C"** and the space of d-level (r, s)-block matrices with fixed level
orders . Moreover, Ef,,s changes neither the rank nor the norm of the d-level (r, s)-block
matrix X to which it is applied:

rank(E; (X)) = rank(X), 1B (X[ = 1 X]|.
Ifz e C™®and X = [:c,-j]gszl is a d-level (r, s)-block matrix, then, for every ¢ > r V s,
(3.4) (Efﬁ(a:))* = (w,ftms,t)* = 7rsT7tx*ﬂ'7.7t = Eﬁ,(m*),
X 0 *
(35) (Ef, ( )) (Qrt N(n |:O O:| s,t,N n)>

X* 0O *
= Qs,t,N(n) |: 9] O} th,N('n.) = Ez,r<X )

Ifu>t>rVs,then, forevery x € C"*5,
(3.6) E{ (B (x)) = Ef ().
Ifu>1t>rVs, then, for every d-level (r, s)-block matrix X = [2;]7";_;.

G B (B (X)) = B} ([Br ((24)]7=1) = [B}' (B7 (2i))]7 521
= [Eﬁs(l‘ij)]i,j:l = B (X)),
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Ifx € C"*%and y € C?*%, then, foreveryt > 1V qV s,

(3.8) By ((xy) = T 4@yms s = Ty 07017 yTse = By g (2) Ef ((y)-
IfX = [245]7 -4 and Y = [y;5]7; 4, with x5 € C"™*Tand y;; € C7** foralli, j =1,...,n,
then, forevery t > rVqV s,
XY O
(B9 E (XY)=QriNm) { 0 0} “t.N(n)
X O Y O
= Qr,t,N(n) {O O] Qit,N(n)Qq,t,N(n) {O O} £t7N(n)

— B! (X)E. (V).

;s

3.3. Singular value distribution of extended matrix-sequences.

PROPOSITION 3.2. Let {Apn}n be a d-level (r,s)-block matrix-sequence, and let the
function f : D C RF — C"** be measurable with 0 < (D) < cc. Foranyt > 7V s we
have

{14n}41”“0 ;= {l?;s(/in)}n/”“a ZSZs(f)-

Proof. Let { = r A\ s. Forevery x € D,

0i(Br (f(x) = oi(f(x), i=1,....4
O—l(Eﬁs(f(X)))*Ov Z:£+]—aat
Moreover, by (3.3),
UZ(Eis(An)) = Jl(An)a i =1, 7N(n)€a

Thus, for every F' € C.(R),

N(n)t N(n)¢t

o 2 FOELAD) = § 57y 2 FlilAn)) + - F(0),
¢ ag; f’s X lfil o X _
[ B EEATO), o & [ Rt FOTOD gy ) ),

Therefore, {An }n ~o fif and only if {E} ((An)}n ~o Ef(f). d

3.4. Extended a.c.s.
PROPOSITION 3.3. Let {An },, and { By, m }n, be d-level (r, s)-block matrix-sequences.
Foranyt > r V s we have

{Bnmln E {An}n = {Eﬁ,s(Bn,m)}n S {Ef’,s(A'ﬂ)}n'

Proof. (=) Suppose that { By, 1, }n 28%, {An},. Then, for every m there exists 7,
such that, for n > n,,,

An = Bpm + Rnm + Nnm, rank(Rp m) < ¢(m)N(n), | Npm || < w(m),
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where ¢(m),w(m) — 0 as m — oco. By applying the extension operator to both sides of the
previous equation, we obtain

Ef«,s(An) = Ef*,s(Bn,m) + Ef«,s(Rn,m) + Evt-,s(Nn,m)
with
rank(Eﬁﬁs(anm)) = rank(Rp, ) < ¢(m)N(n), ||Ef>,s(Nn,m)|| = [[Nnmll < w(m).

This shows that { EX ,(Brnm) }n ~— {Ef ((An)}n.

a.c.s.

(<= ) Suppose that { E}. (Bn,m)}n — {E}. ;(An)}n. Then, for every m, there exists
N, such that, for n > n,,,

B! (An) = E; (Bnm)+Rnm~+Nnm, 1ank(Rpm) < c(m)N(n), [|Npmnll <w(m),
where ¢(m),w(m) — 0 as m — oo. By (3.3), the previous equation is equivalent to

An O] [Bpm O
|:O O:| = |: 9] O] + QZ:tN(n)Rn,sz,t,N(n) +QZt7N(n)Nn,sz,t,N(n)~

This implies that

Apn = Bnm + Hr,t,N(n)QZ:t,N(n)Rn»mQS,tvN(")HZ:t,N(n)
+ Hr,t,N(n)ta,N(n)Nn,sz,t,N(n)HsT.,t,N(n)’
where I1, ; n(n) is the N(n)a x N(n)t matrix given by I, ; n(n) = [IN(n)e | O] for every
a € Nwith a <t. Since [T, ¢, Nn)ll = [|Qa,t,Nm)l| = 1. we have
rank (L ¢ v (n) Q7.4 N () Brem @s,t, N () L 4 N (m)) < TanK(Ri, ) < c(m)N(n),
||Hr,t,N(n)QZt,N(n)Nn,sz,t,N(n)HsT,t,N(n)|| < [[Nem| < w(m),

and we conclude that { By, 1, }n 20 {Ap ). O

3.5. Extended GLT sequences. Leta : [0,1]¢ — C"** be continuous a.e. on [0, 1]¢, let
f:[-m n]¢ — C™*bein L' ([—m,7]%), and take n € N? and t > 7V s. Then, by definition
of E!

G0y Bl (Dna) = ding B (a(1)) = DalEL (@),

G.1D By (Tn(f)) = By (fi-i)lij=1 = (B o (1)i-ilij=1 = Tu(Er ().

In the case where r = s, it follows from (3.10)—(3.11) and GLT 3 that, for every sequence of
d-indices {n = n(n)}, such that n — oo as n — oo,

(3.12) {E!(Dn(a))}n ~crr EL(a(x)),
(3.13) {EUTn(f))}n ~crr EL(f(8)).

Proposition 3.5 generalizes (3.12)—(3.13) by showing that an extended GLT sequence is still a
GLT sequence with symbol given by the extended symbol. For the proof of Proposition 3.5,
we need the following lemma [22, Lemma 2.4]:

LEMMA 3.4. Let & : [0,1]% x [—7, 7| — C be measurable. Then, there exists a sequence
of functions ki, : [0,1]% x [—m, 7] = C such that k., — k a.e. and k., is of the form

N’"L
En(x,0) = > al™(x)ed? o™ eo(0,1]Y), N, eN.
j=—Nn.


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

RECTANGULAR GLT SEQUENCES 597

PROPOSITION 3.5. Let { A, },, be a d-level s-block matrix-sequence, and let k : [0, 1]¢
[—7, 7| — C*** be measurable. For any t > s we have

{An}n ~oir £ <= {EL(An)}n ~crr EL(k).

Proof. (=) Suppose that { Ay, },, ~crr %. By GLT 9, there exist functions a; 1, fi m.
i=1,..., Ny, such that a; ,, : [0,1]¢ — C belongs to C*°([0, 1]%), fi ,, is a trigonometric
monomial in {eij'eE((jﬁ) :jez% 1<a,B<s}, and
o fim(%,0) = SN 40 (X) fim (0) = K(x,0) ae.,

L4 {Bn,m}n {Z " D al,mIs)Tn(fi,m)}n & {A'n.}n
By the linearity of ES, properties (3.8)—(3.9), equations (3.12)—(3.13), and GLT 4,

(3.14) {E!(Bp.m) {Z E!(Dy(a;m s))Ei(Tn(fi,m))}

~GLT ZE @i,m (X)) E5(fim(0)) = Eq(km(x,0)).

By Proposition 3.3,

(3.15) {EL(Brm)tn = {EL(An)}n-
Finally, it is clear that

(3.16) B (km(x,0)) — E((r(x,0)) ae

Equations (3.14)—(3.16) and GLT 7 yield the thesis { E¢(Ay)}n ~cir Ei(k).

( <= ) Suppose that {EL(A,)}n ~air EL(k). Let aim, fims i = 1,..., Ny, be
functions such that a; ,, : [0,1]¢ — C is continuous a.e., f;m, : [-m, 7|7 — C**isin
LY([-m, 7]¢), and

N,

(3.17) Fom Zam ) fim(0) = K(x,0) ae

These functions exist by Lemma 3.4, which in fact ensures we can take a; ,,, € C*°([0, 1]¢)
and f; ,, in the set of trigonometric monomials {e'J "’E((fﬁ) 1§ €Z% 1<a,B<s} Let

nm—ZD a17rz 5 (fzm)

and note that, by GLT 3 - GLT 4,
(318) {Bn,m}n ~GLT Km (X7 0)

We have {EL(Bp,m)}n ~crr EL(km(x,0)) (see (3.14)) and E! (K, (x,0)) = EL(k(x,0))
a.e. (by (3.17)). Keeping in mind the assumption { E%(A,)}n ~cir FL(x(x,0)) and using
GLT 8, we obtain

{Bo(Bnm)}n = {E(An)}n.
By Proposition 3.3, this implies that
(3.19) {Br,m}n == {Antn.
Equations (3.17)—(3.19) and GLT 7 yield the thesis { A, }» ~crr K- 0
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4. Rectangular GLT sequences. In this section we develop the theory of rectangular
(multilevel block) GLT sequences as an extension of the theory of square (multilevel block)
GLT sequences. The key tool for transferring results about square GLT sequences to rectangular
GLT sequences is the extension operator studied in Section 3.

4.1. Definition of rectangular GLT sequences.

DEFINITION 4.1 (Rectangular GLT sequence). Let {Ay}, be a d-level (r, s)-block
matrix-sequence, and let  : [0,1]¢ x [—m,7]? — C"** be measurable. We say that { Ap},
is a (d-level (r, s)-block) GLT sequence with symbol k, and we write { Ap}n, ~crr K, if one of
the following equivalent conditions is satisfied:

1. {E! (An)}n ~cir Bl (k) forallt > 1V s.
2. There existst >V s such that { E}. (Apn)}n ~crr B} ().

Proof. We prove the equivalence between the two conditions in Definition 4.1.

(1 = 2) Obvious.

(2 = 1) Suppose there exists t > r V s such that {E}. [(An)}n ~crr Ef (k). We
show that {E}! ((An)}n ~crr B (k) forallu > r Vs, If u > t, then, by (3.6)~(3.7) and
Proposition 3.5,

{EY(An)bn = {EY (B} (An))}n ~aur By (B (k) = B (k).
Ifrvs <wu <t then, by (3.6)—(3.7),
{EL(E} (An)tn = {E} ((An)}n ~oir By (1) = B (E} (k)

which implies that { £ . (An) }n ~crr B} () by Proposition 3.5. O

REMARK 4.2. Definition 4.1 is consistent with the definition of multilevel block GLT
sequences given in [7]. Indeed, let {4, }, be a d-level s-block matrix-sequence, and let
k1 [0,1]¢ x [, @]9 — C*** be measurable. Then, {A,}, ~cir & according to the
definition in [7] if and only if { A, },, ~GLr K according to Definition 4.1; see Proposition 3.5.

According to Definition 4.1, the extension operator “embeds” the world of rectangular
GLT sequences into the world of square GLT sequences. As we shall see in the next sections,
this embedding allows us to transfer most of the properties GLT 0 — GLT 9 to rectangular GLT
sequences. Note, however, that we cannot transfer to rectangular GLT sequences the properties
that involve spectral symbols or Hermitian matrices.

4.2. Uniqueness of the symbol of a rectangular GLT sequence. The next theorem
proves the analog of the first part of GLT 0 for rectangular GLT sequences.

THEOREM 4.3. Let { A}, be a d-level (v, s)-block GLT sequence with symbol k, and
let € :10,1]% x [~m, 7|4 — C"** be measurable. Then,

{Ap}n ~oir € <= k=E¢€ ae in [0,1]¢ x [—m, 7%

Proof. (= )Lett > r V s. Since {An}n ~cur k£ and {An}n ~cir & we have
{E! (An)}n ~crr Ef (k) and {E} [(An)}n ~crr Ef ,(€) by Definition 4.1. This implies
that EY. (k) = E} ,(£) a.e. by GLT0,and so k = £ a.e.

(<=)Lett >rVs. Since {An}, ~crr & and k = & ae., we have {E}. [(An)}n ~arr
E! ,(r) by Definition 4.1 and E ((r) = E}. [(€) a.e. This implies that { £ ((An)}n ~crr
E! (€) by GLT0, and so {Ay, },, ~crr & by Definition 4.1. 0

4.3. Fundamental examples of rectangular GLT sequences. In this section, we prove
the analog of GLT 3 for rectangular GLT sequences.
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4.3.1. Rectangular Toeplitz sequences. Let f : [—7, 7] — C">* be in L' ([—7, 7]%),
and let {7, (f)} nene be the family of Toeplitz matrices generated by f (see Definition 2.1).
By (3.11), Definition 4.1, and GLT 3, for every sequence of d-indices {nn = n(n)},, such that
n — 0o as n — oo, we have {10, (f)}n ~aur f(0).

4.3.2. Sequences of rectangular diagonal sampling matrices. Leta : [0,1]¢ — C™*¢
be continuous a.e. on [0, 1]¢, and let { D, (@)}, be the family of diagonal sampling matrices
generated by a (see Definition 2.2). By (3.10), Definition 4.1, and GLT 3, for every sequence
of d-indices {n = n(n)}, such that n — oo as n — oo, we have { Dy, (a)}, ~crr a(X).

4.3.3. Rectangular zero-distributed sequences. Suppose that {Z,, },, is a d-level (r, s)-
block zero-distributed sequence. Then, { E} ,(Zy,)}, is zero-distributed for any ¢ > 7 V s; see
Proposition 3.2. Hence, by Definition 4.1, { Z,, },, ~crLr Ors-

4.4. Singular value distribution of rectangular GLT sequences. The next theorem
proves the analog of GLT 1 for rectangular GLT sequences.

THEOREM 4.4. If {An}n ~crir K, then {Ap}tn ~o K.

Proof. Lett > r V s, where r X s is the size of . Since {E. ,(An)}n ~crr Ef (k) by
Definition 4.1, we have {E}. [(An)}n ~o Ef (k) by GLT 1, which implies {Ap },, ~5 & by
Proposition 3.2. a

4.5. Rectangular GLT algebra. Suppose that {A,,}, ~cir < and {B,}, ~arr €. If
k and £ are summable, then the same is true for A,, and B,,, and so we can consider the
sequence {aA,, + By}, for o, 5 € C. Similarly, if x and £ are multipliable, then the same
is true for A,, and B, and so we can consider the sequence { A, By, },. The next theorem
proves the analog of the first part of GLT 4 for rectangular GLT sequences.

THEOREM 4.5. Let {Ap}y ~crr k and {Bp}n ~crr & Then,
1. {A}}n ~aur K%,
2. {aAn + BBn}n ~crr ak + B forall a, 5 € Cif k and & are summable,
3. {AnBn}n ~orr K€ if k and & are multipliable.

Proof. 1. Lett > r V s, where r X s is the size of k. By (3.4)—(3.5), Definition 4.1, and
GLT4,

(B! (A} = {(BL(An))* In ~air (BL (K))" = EL ().

We conclude that { A%, },, ~gLr «* by Definition 4.1.
2. Lett > rV s, where r X s is the size of x and . By the linearity of the extension
operator, Definition 4.1, and GLT 4,

{Eﬁ,s(aAn +BBn)}n = {O‘Ei,s(An) + ﬂEi,s(Bn)}n
~air a5y (k) + BE; (€) = By ,(ak + B€).

We conclude that {«A,, + 8Bn}n ~crr ak + € by Definition 4.1.
3. Lett > rVqVs, where r X ¢ is the size of x and g X s is the size of £. By (3.8)—(3.9),
Definition 4.1, and GLT 4,

{E;S(Aan)}n = {Ei,q(An)Eé,s(Bn)}n ~GLT E'ﬁ,q(ﬁ)E;,s(g) = Eﬁs(’fg)

We conclude that { A,, By, }, ~crr & by Definition 4.1. O

To prove the analog of the second part of GLT 4 for rectangular GLT sequences, we need
to recall some properties of the Moore-Penrose pseudoinverse [12, Section 7.6]. If A = UXV
is a singular value decomposition (SVD) of the m x n matrix A, then AT = V*STU*. Here,
> 1 is the Moore-Penrose pseudoinverse of ¥, i.e., the n x m diagonal matrix such that, for
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i=1,...,mAn, (X)), =1/%;if 8 # 0and (X1);; = 0 otherwise. If A is an m x n full
rank matrix, then A can be expressed as follows:

@ N {A*(AA*)—l, if m<n,

(A*A)"LA*) if m > n.

Note that AT = A~! whenever A is a square invertible matrix. Theorem 4.6 proves the analog
of the second part of GLT 4 for rectangular GLT sequences.

THEOREM 4.6. If {Ap}, ~cur k and k has full rank a.e., then { A}, },, ~cir K.

Proof. Let A,, = U2, Vy, be an SVD of A,,, and let Z,, = U,,¥,,V,,, where ¥,, is the
rectangular diagonal matrix of the same size as X, such that (U,,);; = 1if (£,,); = 0 and
(U,,)ii = 0 otherwise. The rank of Z,, is the number of zero singular values of A,,, which
is o(N(n)) by Theorem 4.4 and Lemma 2.4, since x has full rank a.e. Hence, the sequence
{Zy,}n is zero-distributed by Definition 2.5, and so {Zy, }, ~crr Oy s, With 7 X s being the
size of k. Let

(42) Bn = An + Zn = Un(zn + lI/n)Vnn

and note that { By, },, ~grr & by Theorem 4.5. The matrix By, has full rank by construction,
and so, by (4.2) and (4.1),'

Bl = Al + 7! = B!, (B,B},)™ "

The rank of Z}, is the same as the rank of Z,,, which implies that {Z], },, is zero-distributed
and {Z}}, ~arr O, . Moreover, {Bp, B}, }, is a square GLT sequence with symbol kr*
by Theorem 4.5, and xx™ is invertible a.e. because « has full rank a.e. We can therefore use
GLT 4 to obtain

{(BaBy) ™"} = {(BnBp)n ~arr (kk") 7
Using again Theorem 4.5, we conclude that
{AL}n = (Bl = Z}}n = {Br(BnBp) ™" = Z} 30 ~our w7 (55") 71 = w1,

and the theorem is proved. 0

4.6. Convergence results for rectangular GLT sequences. The next theorem proves
the analog of GLT 7 for rectangular GLT sequences.
THEOREM 4.7. Let { Ay, },, be a d-level (v, s)-block matrix-sequence, and let  : [0,1]% x
[, 7|4 — C"** be measurable. Suppose that
L4 {Bn,nb}n ~GLT Km,»
L4 {Bn,m}n ﬁ) {An}n’
® K., — K In measure.
Then {An}n ~GLT K-
Proof. Lett > r V s. We have
o {E! .(Bnm)}n ~crr Ef (k) by Definition 4.1,
o {E! (Bnm)}tn == {E! ,(An)}n by Proposition 3.3,
o E! (km)— E} ,(x) in measure (obviously).

'We here assume that » < s. If r > s, then nothing changes in the proof except for the fact that we have to use
for the pseudoinverse BL the other expression in (4.1).
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We conclude by GLT 7 that {E! ((Ay)}n ~crr EL,(k), and so {4, }n ~air < by Defini-
ton4.1. O 7 7
The next theorem proves the analog of GLT 8 for rectangular GLT sequences.
THEOREM 4.8. Let {An}y, ~crr & and {Bpn, m }n ~cLr Km. Then,

{Bn,m}n 2N A}y == Ky — K inmeasure.

Proof. Lett > r Vs, where r X s is the size of x and k,,. By Definition 4.1, we have
{El (An)}n ~crr Ef (k) and {E} ((Bpn,m)}n ~crr Ef.  (Km). Thus, by Proposition 3.3
and GLT 8,

{Brtn == {An}n = {E(Bum)tn = {E; (An)}n
< B/ (km)— E}(x) in measure

<= K,, — K in measure,

and the theorem is proved. 0
The next theorem proves the analog of GLT 9 for rectangular GLT sequences.
THEOREM 4.9. Let {A,}n, ~cir k. Then, there exist functions ;. fim,
i =1,..., Ny, such that
® a;m : [0,1]¢ — C belongs to C°([0,1]¢) and f; ., is a trigonometric monomial in
{eij'eEgﬁ’s) 1 €Z% 1<a<r 1< B<s}withr x s being the size of ,
o fim(%,0) = SN 4y (%) fim (0) = K(x,0) ae,

i {Bn,m}n = {Z "} Dn, az,mIr)Tn(fi7m)}n A5 {An}n'

Proof. By Lemma 3.4, there exist functions @;m, fim, ¢ = 1,..., Np, such that
aim : [0,1]¢ — C belongs to C°([0,1]%), f;.m is a trigonometric monomial in the set
{e90p"  jezl, 1<a<r, 1< <s}) and

Zalm ) fim(0) = Kk(x,0) ae

Since { Dy (@ mIr) bn ~orr @im (%) I and {Tn(fim)}n ~crr f(0) (see Section 4.3), Theo-
rem 4.5 yields

{Bn,m}n - {ZD azm r (fz m)} ~GLT E(Xv 0)

n

We conclude that { By, }» 28% {An}, by Theorem 4.8, O

4.7. Relations between rectangular GLT sequences of different size. In this section,
we prove a stronger version of GLT 6 for rectangular GLT sequences. It should be considered
not only as the analog of GLT 6 for rectangular GLT sequences but also as an addendum to
the theory of square GLT sequences developed in [7].

THEOREM 4.10. Let {A,, = [a(.T»L)]?j 1 tn be a d-level (r, s)-block GLT sequence with

ij
symbol k. If we restrict each v X s block ai J) =(n)

obtain a d-level (7,3)-block GLT sequence {A,, = [a E?)]” 1 tn Whose symbol R is the
corresponding 7 X § submatrix of k.

to the same 7 X S submatrix a azj , then we
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Proof. Define

Xr7 = diagonal {0, 1}-matrix of size r with 1 in the positions
corresponding to the chosen 7 rows,
Xs,5 = diagonal {0, 1}-matrix of size s with 1 in the positions
corresponding to the chosen s columns,
Q. 7 = permutation matrix of size r that moves in order the chosen 7 rows
to the first 7 rows,
Bs,5 = permutation matrix of size s that moves in order the chosen 5 columns

to the first s columns.

By definition, we have

~(n)
(n) ij 0 _
Ofr,er,faij Xs,5P0s,5 y 1,7 =1, , 1,
O O rXs

where the subscript 7 X s indicates that the matrix size is 7 X s. Since we know that
{Dn(ariXr,7)tn ~orr o iXr,i and {Dn(Xs,585,5) tn ~oLT Xs,58s,5, Theorem 4.5 yields

am o
43 ij
3 H 0

n

0 - {Dn(ar,FXr,F)AnDn(Xs,§65,§)}n

rxsd g j=1

kO
~GLT ar,er,FKXs,§ﬂs,§ = O O .
X8

>] n
rXs i,5=1

Lett > rV s>+ Vs. By (4.3) and Definition 4.1,

N alm)
{BL (An)bn = {[BL 2@)P i1 b0 = [E( o

n

E O T
~GLT [O OL = E7 ;(R).
xt

Thus, {A, }» ~cLr & by Definition 4.1. [

THEOREM 4.11. Ler {A,, = [aﬁ?)]zjzl}n be a d-level (r, s)-block matrix-sequence,
and let  : [0,1]¢ x [—7, w]¢ — C"** be measurable. Fori=1,....,randj =1,...,s, let
(n)

Apij = [(a(n))ij]" be the submatrix of Ay, obtained by restricting each v X s block a;;

ij i=1
to the (i, j)-entry (aE?))ij. Then,
{An}n ~GLT K < {An,ij}n ~GLT Kij forall 7= 1, T and ] = 1, Lo, S

Proof. (=) This implication follows immediately from Theorem 4.10.
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(<)Lett>rVsandfix (¢,j) with1 <i <rand1 < j < s. From the hypothesis
{An.ij}n ~crr ki; and Definition 4.1, we have

(n) n
n n ai' 1] O
4 B (An i) = (@) e b = { || )5
@) @) o
txtd g j=1)
ki O
~air Bt (ki) = | 7
ot B (kij) 0 o
tXxt

Let 5; and (3; be the permutation matrices that move the (1, 1)-entry of a ¢ X ¢ matrix in
position (4, 5), i.e.,

B; = permutation matrix of size ¢ that swaps the rows 1 and 1,

B; = permutation matrix of size ¢ that swaps the columns 1 and j.

By definition, we have

ﬁz‘Ef((GE?))ij)ﬁj =B

txt

Iiij

0]
BiEY (kij)B; = Bi [O O] B; = IiijEi(;).
txt
Since { Dy (8;) }n ~crr Bi and { Dy (5;)}n ~acrr B, (4.4) and Theorem 4.5 yield

{[ag )i BN —1 b = {Dn(B:) BL(An.ij) Du(B;) }n ~oir BiEL (ki) B; = kiy B

If wenow sumoveralli =1,...,randj = 1,..., s, by the previous relation and Theorem 4.5,
we obtain
{Et (A )} llagy) 0] n |:,‘{ O:| Et (I{)
n)fn = ~GLT = .
T8 O O T8
CRNCI P A ixt
We conclude that { A,, },, ~grr < by Definition 4.1. 0
THEOREM 4.12. Fori = 1,...,0and j = 1,...,¢, let {An;j = [agﬁjmj:l}n

be a d-level (r;, sj)-block matrix-sequence, and let r;; : [0,1]¢ x [—m,7]? — Ci*% be

measurable. Define the (r,‘s)—block matrix Ap, = | [aiﬁ j]zzll o=y and the X s matrix-
valued function r = [I{”Hillz, wherer = 3 0 riand s =375, ;. Then,

4.5) {An}n ~oir b <= {Anijtn ~cur kij forall i=1,...,0and j=1,... 5.

. =1,...
Moreover, if B, = [An,ij]le’ ’Z, then

T
(4.6) (PnN(n) Z_ jliaggpg,mn)) Bn (Ps,N(n) } diag P, Sj;,N(n)) = An,

where Py, 1, is defined in (2.7).
Proof. We first prove the equivalence in (4.5).
( == ) This implication follows immediately from Theorem 4.10.
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( <= ) Let Apijr = [(a E?)ij)zk}?j 1- By Theorem 4.10, from the hypothesis

{Anij = [aiy)u} P 1 tn ~oLr Kij, we infer that
{Anijextn ~orr (Kij)ek-
Hence, the thesis {Ay },, ~gir & follows from Theorem 4.11.
We now prove (4.6). We first note the following: if [Aw]f:l1 % is a block matrix with

. of size v; X 8; and i —ye . =S g
Ajj of size r; x s and if we define r = 357 ryand s = 375,

N TR0
Zzep+71+ i 1(e]€) ))TAijeEI )( q+61+ Fsji— 1)T

p=1g¢=1

= .0y (r) () T
_Zzep*""l‘f‘m‘i""ifl(Ai]) ( Cotsit.tsio 1)

p=1qg=1
T Sj )
*ZZ ZJ pq p+7"1+ Frio1,qFsit. s
p=1qg=1
S1 - Sj S¢
ri|O| O | O | O |O
OO0 | 0O |0O]|O
ol o 4,00
OO0 | 0O |0O]|O
r,]Ol O] O0]0]O
and
4 S T4 ( ) ( )
(47) [ ’L] l 1 ..... Z ep:-rl—i-...+r7¢_1(e;g”))TAije((;j)(eq‘j—sl—i-...+sj_1)T'
i=1 j=1p=1q=1
Let
4.8) B, i = P N(n)An ng‘;],N(n) - Pg:, (n)[ i;)ij]ZjZIPSij(n)
_PTTN (Z E(") ” ”>P N(n)
4,j=1

(n) (n ) (n) (n)
Z Pr N(n) E i ®azg z] 5]7N(n) Z az?zg ®Ez;l )

1,j=1 %,j=1

where the last equality follows from (2.8). By (4.7),

( diag P’ N(n )) Bn( diag st,N(n))
i=1,...,0 J=1,...,¢

(dllag P N(n)) [An,iﬂ?:f, ( diag P, <n>>
) J

[PT )An z]Psz(n)] ..... c _ [Bn,ij]j' 1,...8

ri,N i=1,...,0
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(N(n)r)

4
_ (
- Z . €+ N(n)ri+ ..+ N(n)ri_1 (ep/

(N(n )S;)(e(N(n) s)

N(n)Ti))TB

n,ij

T
"€ ¢+N(n)si+...4+N(n)s,— 1)
o s r; N(n) s; N(n) (V) (N ()
_ n)r n)r; Tn
- Z eu+N )(p— 1)+N(n)r1+...+N(n)ri,1(equN(n)(pfl)) Bn,zg
i=1 j=1p=1 u=1 g=1 v=1
(N(n)s;) (N(n)s) T
e € ot N(m)(a—1)4 N(n)si-++N(n)s; 1) >

where in the last equality we have used the changes of variable p’ = v + N(n)(p —

¢ =v+ N(n)(¢ —1). Note that

ROOD

(N(n)r;)
u+N(n)(p—1)

(N(n)s)

v+N(n)(g—1)+N(m)s1+..+N(n)s;_1

(N(n)s;)
€yt N(n)(g—1) =

and

N(n)

3 eV ) (e(N )T

u=1

v+N(n)(g—1)

u+N(n)(p—1)+N(n)ri+...+N(m)ri 1 —
= e(ﬂ‘) ®

1) and

(7') N(n
Cptrit. . triy ®e1(1 ()

N )

9

(3) N(n
€gtsyt..4s;_ L @eNm),

el*) g (N (™),

N(n)

= > NN = Iy,

v=1

Hence, by the properties (2.3)—(2.6) of tensor products,

( diag P

i=1,...,0 j—l, S

N(n) s;

DR DI AT

i=1 j=1p=1 u=1 g=1 v=1

. (e((zs]') ® e,(JN(")))(e(S)

. (et(l«"‘j) (e

. (e((zsj)( (s)

Q+S1+ +si-1

N(n >) Bn( diag Py, n(n)

qt+si1+...+s5-1

)

+T1 +.. i

® eV ) () g e NN,

N(n))\T
q+sl+...+5j,1®e’$} ( )))

Z Z (e;:z’r‘lJr,..ﬂ*T,;_l (ez()’”))T ® e’(u,N(n))(e’ELN(n)))T)Bn,lj

)T 6 oV (o))

(e;(n:?rlJr...er_l (eé’"’ﬂ)T ® IN(TL))B’VL,’LJ

) & IN('n,))
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Using (2.8), (4.7), and the expression (4.8) for By, ;;, we finally obtain

PT,N(n)< dlag Pl N(n))B ( dliag st,Nm))ReT,N(n)
S

T n
= r.N(n) [ZZZZ Cptritotrio 1(() )" @ Inem) <Z 17)13®E )

i=1 j=1p=1q=1

( (6])(e<(]+)sl+ s 1) ®IN(n)) PL;TN(n)
ShSL RSl (n) (*)
T _(n S S T
PN [Z ZZ ep+7"1+ (o)) @i ij § )(eq+sl+---+s]>1)
i,j=1i=1 j=1p=1g=1
E(n)) P@ ,N(n)

n

= r,mn)[Z[agiéjE:l, s ® B

i,J=1

) (n) 15=1,....¢
PsN(n)_ZEn®[anZJ] =1,.. ,Z)

%,j=1

j=1,...,
= [[a{) =S 12y = An,

which proves the thesis (4.6). 0

4.8. Existence of a rectangular GLT sequence for any measurable function. The
next theorem proves the analog of the second part of GLT 0 for rectangular GLT sequences.

THEOREM 4.13. Let {n = n(n)}, be a sequence of d-indices such that n — oo as
n — 0o, and let k : [0,1]¢ x [—m,71]* — C"** be measurable. Then, there exists a d-level
(r, s)-block GLT sequence { An}n ~aGLr K-

Proof. By GLT 0, for everyi =1,...,randj=1,...,s, there exists { An.ij tn ~GLT Kij-
We define By, = [Ay.ij]/= 11 """ * and conclude that {PT N(n)BnP; N(n y}n ~arr & by Theo-
rem 4.12. a

5. Summary of the theory of rectangular GLT sequences. We summarize in this
section the theory of rectangular GLT sequences developed in Section 4. By comparing this
section with Section 2.8, we see that all properties of square GLT sequences generalize to
rectangular GLT sequences as long as they do not involve spectral symbols or Hermitian
matrices. We remark that property GLT 6 below is a stronger version of GLT 6 and should
therefore be considered not only as a generalization of GLT 6 to rectangular GLT sequences
but also as an addendum to the theory of square GLT sequences developed in [7].

A d-level (r,s)-block GLT sequence {Ay}, is a special d-level (r, s)-block matrix-
sequence equipped with a measurable function # : [0, 1] x [—m, 7] — C"**, the so-called
symbol (or kernel). In the properties listed below, unless specified otherwise, the notation
{An}n ~cLr £ means that { A, },, is a d-level (r, s)-block GLT sequence with symbol x.
GLTO. If {A,}, ~crr , then {An},, ~crr € if and only if kK = £ ae.

If k2 [0,1]¢ x [—7, w]¢ — C"** is measurable and {n = n(n)}, is a sequence of
d-indices such that n — co as n — oo, then there exists { A, }, ~cLT K-
GLT1. If {A,}, ~cur K, then { A, }p, ~5 K.
GLT 3. For every sequence of d-indices {n = n(n)},, such that n — oo as n — oo,
o {Tn(f)}n ~oir 6(x,0) = f(0)if f: [-m,7]¢ — C™*isin L!([-, 7]9),
e {Dp(a)}n ~arr K(x,0) = a(x) ifa : [0,1]¢ — C"** is continuous a.e.,
o {Zn}tn ~aorr k(%x,60) = O, s if and only if {Z, },, ~, 0.
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Suppose that {A, },, ~cir & and {By, }, ~crr & where in this case x and £ may
have sizes different from r x s and different from each other. Then,

o {A}}n ~cur k¥,

o {aA,, + BBn}n ~crr ak + B forall a, B € Cif k and € are summable,

e {A,Bp}n ~crr € if k and € are multipliable,

o {Al}, ~crr w! if  has full rank a.e.

If {A, =[a (")]z i—1)n is a d-level (r, s)-block GLT sequence with symbol « and

ij
we restrict each r X s block a( )

a d-level (7, 3)-block GLT sequence {A4,, = [a gb)}% i=1}n whose symbol £ is the
corresponding 7 X § submatrix of .

If {A,;; = [a(") Jij—1}n is a d-level (r;, s;)-block GLT sequence with symbol

©,1j

kij, fori =1,...,0and j = 1,...,¢, and if A, = [[a Zb)zj]f L ,’;]” 1, then

{An}n is a d-level (r, s)-block GLT sequence with symbol x = [;]7=] 1
r=3 i riands = }_, s;. Moreover, if B,, = [Anyw}f:ll’._,’;, then

to the same 7 X S submatrix a( ) , then we obtain

.....

Where

T
(Pawmqé?%gPZW@U)Bn(PMWn%jﬁg PL ) = An

where P, 1, is the permutation matrix defined in (2.7).

{An}n ~ocur k if and only if there exist {Bpm}n ~cir Km such that

{Bn,m}n BN {A,}n and k,,, — K in measure.

Suppose that { Ay}, ~crr & and { By, i o ~6LT Km. Then, {Bp m }n 2 (At

if and only if ,, — & in measure.

If {An}n ~cLr K, then there exist functions a; m, fim, ¢ = 1,..., Ny, such that

e a;m:[0,1]% — C belongs to C*°(]0,1]%) and f; ., is a trigonometric monomial
in {eij'gEl(;ﬁ’s) jezi 1<a<r 1<pB<s)h,

o Fim(%,0) = SN 4i (%) fim(0) = K(x,0) ae.,

o {Bumtn = {2V Daasml ) Tu(fim)},, 255 {Ap ).

6. Application to higher-order FE discretizations of systems of DEs. In this section
we provide an example of an application of the theory of rectangular GLT sequences in the
context of higher-order FE discretizations of systems of differential equations (DEs). The
proposed example is an adapted version of the problems considered in [18, 28], which in fact
inspired the writing of this paper.

6.1. Problem formulation. Consider the following system of DEs:

—(a(@)u/(2)) +v'(z) = f(z), =€ (0,1),
),

—u'(z) — po(z) = g(x), = €(0,1),

where p is a constant and @ € L*([0, 1]). The corresponding weak form reads as follows: find
u,v € H}([0,1]) such that, for all w € H}([0,1]),

Jo al w'(z)dz + [ of @mzﬁ'xm@m,
—fo dx—pfo Jw(x dx—fo (z)dw.
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6.2. Galerkin discretization. We look for approximations uy, vy of u, v by choosing
two finite-dimensional vector spaces U,V C H}([0,1]) and solving the following discrete
problem: find uy € U and vy € V such that, forallU € Uand V € V,

[ a(@)yuly(2)U" (2)dz + [ vi(2)U()dz = [ f(2)U(z)dz,
- fol o (2)V(z)dx — pfol v(z)V(z)de = fol g(z)V (z)dx.

Let {¢1,...,on} be a basis of U, and let {¢1,...,1} be a basis of V. Then, we can

. _ N _ M . _ T
write up = > ujp; and vy = 3 57, v;e); for unique vectors u = (uq,...,un)" and
v = (v1,...,vp)T. By linearity, the computation of uy, vy (i.e., of u, v) reduces to solving

the linear system

61 Awas { An(1,1) AN,M(1,2)} _ [ A1) Anw(1,2)
' MM Anar(2,1) Ap(2,2) (Avar(1,2)T Ap(2,2) |’
and
—— N
62) An(L1) = / a(x)so;-msa;(x)dz] ,
L ij=1
— J71,..,JM
©3) Anar(1,2) — zﬂ}(m)wi(x)dx] ,
LJo i=1,..,N
_ 1 G=1,..,N
(6.4) AN (2,1) = —/ cp;(x)wz(x)dx]
L Jo i=1,...,M
1 j=1,..., N
-1/ somw;(z)dx] ~ (Ana(1,2)7)
i=1,...,M
i 1 M
©5) A2 = [ wxm(x)dx}
L 0 ij=1

Assuming that Ay as(1,1) is invertible, the Schur complement of Ay »s is the symmetric
matrix given by

(6.6) Sy = An(2,2) — An (2, 1) (An(1,1) P An (1, 2)
= An(2,2) — (Anar(1,2) T (An(1,1) P An (1, 2).

REMARK 6.1. Suppose that N = N,, and M = M,, depend on a unique fineness pa-
rameter n. If U = Vand {¢1,..., o8} = {¥1,..., ¥}, then the sequence {An (7, 7) In
is, up to minor transformations, a square GLT sequence for every ¢,j = 1, 2. In this case,
the spectral distributions of { Ay s }» and {Sn s }» can be computed through the theory of
square GLT sequences, without resorting to rectangular GLT sequences; see [0, Section 6.4]
and [21, Section 10.6.2]. For stability reasons, however, it is often convenient to choose two
different spaces U, V. This happens, for instance, when U, V have to be chosen so that the
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Ladyzhenskaya-Babuska-Brezzi (LBB) stability condition is met [14], as in the Taylor-Hood
FE discretizations [18]. If U, V are FE spaces of different orders, then {An as (2, 7) }» is, up
to minor transformations, a rectangular GLT sequence for ¢ # j, and the computation of
the spectral distributions of {An s} and {Sn as}n requires the theory of rectangular GLT
sequences (especially GLT 4 and GLT 6, which allow us to “connect” GLT sequences with
symbols of different size).

6.3. B-spline basis functions. Following the higher-order FE approach, the basis func-
tions 1, ..., N and 91, . .., 1y are chosen as piecewise polynomials of degree > 1. More
precisely, forp,n > 1and 0 < k < p—1,1et By [, 1), - Bu(p—k)+k+1,lp,k) : R = R be
the B-splines of degree p and smoothness C* defined on the knot sequence

{7-17 v aTn(pfk)+p+k+2}
1 1 2 2 -1 -1
:{0,...,0, L - et 1,...,1}.
n n on n n n
h e— = ——— 0
p—k p—k p—k
We collect here a few properties of By [ 1], - - - ; Br(p—k)+k+1,[p,k) that we shall need later on.

For the formal definition of B-splines as well as for the proof of the properties listed below,
see [26]. For more on spline functions, see [15, 27, 29].
e The support of the :th B-spline is given by

(6.7) supp(Bi jp.r) = [T, Titp+1]s i=1...n(p—k)+k+1

e Except for the first and the last one, all the other B-splines vanish on the boundary of [0, 1],
ie.,

Bi,[;mk] (0) = Bi,[p,k](l) =0, T =2,... 7TL(p — k) + k.

® {Bipw:i=1,...,n(p—k)+k+ 1} is a basis for the space of piecewise polynomial
functions on [0, 1] of degree p and smoothness C*, that is,

S,y = {s € C*([0,1]) : S|z, m0) €Pp for i =0,....,n— 1},
where PP, is the space of polynomials of degree < p. Moreover, the set of functions
{Bipk) 11 =2,...,n(p — k) + k} is a basis for the space

S ik = {5 € S pug : 5(0) = s(1) = 0}.

o All the B-splines, except for the first k + 1 and the last k£ + 1, are uniformly shifted-scaled
versions of p — k fixed reference functions 31 [, 4], - - - s Bp—k,[p,k]» Namely the first p — k
B-splines defined on the reference knot sequence

p—s—l"‘

0,...,0,1,...,1 ....n(p, k),...,n(p, k), n(p, k) = {
—— — p—k

p—k p—k p—k

The precise formula we shall need later on is the following: setting

v(p, k) = me :

p—k
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FIG. 6.1. B-splines By [p 1] - - - » Br(p—k)+k+1,[p,k) Jor p = 3and k = 1, withn = 10.

1
0.8 -
0.6 - T ~

6 - \\‘\
0.4 pd ~

’/,/ \

02+ - \\\\

0 e T/””///\ | | | | S~

0 0.2 0.4 0.6 0.8 1 1.2 14 1.6 1.8 2

FIG. 6.2. Reference B-splines B1 [p ], B2,[p,k] for p = 3and k = 1.

for the B-splines By 2, (k)5 - - - s Brp14(n—v(p, k) (p—k),[p,k] WE have

Bit14+(p—k)(r—1)+t,[p,4) (T) = B [p,x (ne — 7+ 1),

6.8
©8) r=1,...,n—v(p,k), t=1,....,p— k.

We point out that the supports of the reference B-splines 3; [, 1 satisfy

(6.9) supp(B1,[p,k)) S supp(B2,ip.k)) € - - - € supp(Bp—r,[p.k]) = [0,0(p, k)]

Figures 6.1-6.2 display the graphs of the B-splines By [, 1], - - - ; Bn(p—k)+k+1,[p,5] fOr the
degree p = 3 and the smoothness £ = 1 and the graphs of the associated reference B-splines

B1,[p.k]> B2, [p.k]-
The basis functions 1, ..., N and 1, . . .,y are defined as follows:
(6.10) ©i = Bit1,[pk)5 i=1,...,n(p—k)+k—1,
(6.11) Yi = Bit1,[q.,0 i=1,...,n(g—0)+¢-1.

In particular, we have

k) +k— 1,
O +0—1.

U = span(p1, ..., oN) = Sy 1 415 N =n(p
V=span(vy,...,Yum) =Sy g, M =nlq

6.4. GLT analysis of the higher-order FE discretization matrices. The higher-order
FE matrices (6.1)—(6.6) resulting from the choice of the basis functions as in (6.10)—(6.11)
will be denoted by A,,, A, (1,1), A,(1,2), A,(2,1), An(2,2), Sy, respectively. We therefore
have A4,,(2,1) = (A,,(1,2))T and
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S| n(p—k)+k—1

An(1,1) = /0a(x)B§+1,[p7k](33)B§+17[p,k]($)d$} ;
L ij=1

i=Lon(g—0)+0—1

rorl
41,2 = | [ B @B k]<x>dw} ,
i=1,...,n(p—k)+k—1

n(g—0)+0—1
An(2>2> = _p/ B]Jrl lq,€] Z z+1,[q,£] (m)dx] 5
ij=1

The main result of this section is Theorem 6.4, which gives the singular value and spec-
tral distributions of (properly normalized versions of) {A, },, and {S, },,. If the sequences
{7t A, (1, 1)}, {An(1,2)}, {nAn(2,2)}, were exact (square or rectangular) GLT se-
quences, then Theorem 6.4 would follow immediately from GLT 1, GLT 4, and GLT 6.
Unfortunately, the previous sequences are GLT sequences only up to minor transformations
that, despite being minor, complicate the proof of Theorem 6.4 from a technical point of view.
As we are going to see, the minor transformation we need to turn {n"*A,,(1,1)},, into a GLT
sequence is an expansion of each matrix A4, (1, 1) so as to reach the “right” size. The same
applies to {A,(1,2)}, and {nA,(2,2)},. We remark that this expansion technique is quite
common in the GLT context; see, e.g., [6, Section 6] and [7, Section 6].

NOTATION 6.2. Fix a non-negative integer m such that m(p— k) > k and m(q—¢) > ¢.
We denote by A, (1,1) and A,,(2,2) the square block diagonal matrices obtained by expanding
A, (1,1) and A,,(2, 2) as follows:

[ L (p—r)—k
An(la 1) = vy An(l, 1) (S R(”J'_m)(p_k)X(”+m)(p—k)7

(1 (g—0)—¢
An(2, 2) _ (¢—20) An (2’ 2) c R(n-;-m)(q—é)x(n-&-m)(q—é).

We denote by A, (1, 2) the rectangular block diagonal matrix obtained by expanding A,,(1,2)
as follows:

Om —k)—k,m(q—£€)—¢
An(1,2) — Pk (a=0 An(1,2) c R(tm)(p—k)x (ntm)(g—£)

We denote by A,, and S,, the matrices obtained by expanding A,, and .S,, as follows:

see Figure 6.3. We define the blocks

2For example, take m = k V £.
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1
1
A, (1,1) A,(1,2)
1
1
1
1
(An(1,2))7 A,(2.2)
1

FIG. 6.3. Schematic representation ofAn in the case m(p — k) —k = 2 and m(q — £) — £ = 3. The expanded
matrices Ap(1,1), An(1,2), (An(1,2))T, Ay (2, 2) are shaded respectively in azure, green, yellow, pink.

p—k
[s] _
K[MJ o /5] [p,k] p,k]( S)dy]_ L s €L,
1,)=
[s] Jj=1,...,q—¢
Hip i) = / Bi1a.0 W) Bi o (v — S)dy} , SEZ,
L/R i=1,....p—k
_ ot
Mgy = / Bila.(¥)Bijg.a(y — s)dy} , s€z,
L/R ij=1
and the matrix-valued functions
6.12) Ky (=] = COTOXER e (0) = S KL e,
SEZ
(6.13) Elpksg,0) < [—m, ] — CP=Rx(a=b), Epokg.)( Z Hp kiq, Z]eisea
SEL
(6.14) Hig,e) - [—m, 7] = (C(qfe)x(q%), U[q, ZM[;]E]
SEZL

Due to the compact support of the reference B-splines (see (6.9)), there are only a finite
number of non-zero blocks K [[ °] k)’ H [[;} kg0 M [[q]e] Consequently, the series in (6.12)—(6.14)
are actually finite sums.

LEMMA 6.3. Leta € L*([0,1]), pe R, p,g>1,0<k<p—1,and 0 <l < q— 1.
Then,

(6.15) {(n 7t A, (1, 1)} ~orr a(z) kg (0),
(6.16) {An(1,2)}n ~our Ep.rig.a(0),
(6.17) {(An(1,2)T 0 ~crr Eppsaa ()
(6.18) {nA,(2,2)}, ~crr —piq.e(0)-
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Proof. We only have to prove (6.16). Indeed, {n"'A,(1,1)}, and {nA,(2,2)}, are
square GLT sequences, and the proofs of (6.15) and (6.18) have already been given in [0,
Lemma 6.12]. Moreover, the GLT relation (6.17) follows immediately from (6.16) and GLT 4
(take into account that (A,,(1,2))T = (A, (1,2))* because A, (1,2) is real).

Let us then prove (6.16). By (6.7)—(6.8), forevery r = 1,...,n —v(p,k), R=1,...,
n—v(g,f),andeveryt =1,...,p—k, T=1,...,q — ¢, we have

(An(1,2)) (o k) (mtr— 1)1, (g—0) (m4 R—1)+T

S

n(152)) fm(p—k) = K]+ k-4 (p—k) (r—1) £, [m (4—£)— €]+ £+ (g—£) (R—1)+T

(
= (An(1,2)) kg (p—k) (r—1) 4,64 (q—) (R—1)+T
1

/0Bé+1+(q—é)(R—1)+T,[q,e](z)Bk+1+(p—k)(r—1)+t,[p,k](I)dl"
:/RB/IZ+1+(q—z)(R—1)+T,[q,e1(fU)Bk+1+(p—k)(r—1)+t,[p,k](ﬂf)dx
[ 9Bt = Rt By pn = -+ 1)da

= /Rﬁl[,[q,z] (Y)Bepi(y — 7+ R)dy = (H[[; kIZ]Z])
= (Tntm (&lp,k;0.0)) (0—k) (mtr—1)+t,(g—0) (m+ R—1)+ T
This means that the submatrix of A, (1, 2) corresponding to the row indices
=mp—Fk)+1,....,(n+m—v(p,k))(p—k)
and the column indices
j=m@—0+1,....(n+m—v(g0))(q—¥¢)

coincides with the corresponding submatrix of T}, (§[p,k:q,¢)- Thus,

An(lv 2) = Tn+m (g[p,k;q,f]) + Rna
where rank(R,,) < (m +v(p,k))(p — k) + (m +v(g,£))(¢ — £) = o(n). As a consequence,
{Rn}n ~o 0 by Definition 2.5. The thesis (6.16) now follows from GLT 3-GLT 4. 0

THEOREM 6.4. Leta € L*([0,1]), p€ R, p,q>1,0<k<p—1,and0<{<q— 1
Then,

ntA,(1,1)  An(1,2) N a(®)kp k) (0)  Eipkiq.e(0)
(©.19) H ” o {(e[pk,q,]w»* oty 0(60)

Moreover, if the matrices A, (1, 1) are invertible and a # 0 a.e., then

(Epkia(0) (Kip,i) (0) ™ Epokiq,e (0)
a(x) '
Proof. We first prove (6.19). Consider the maAtrix obtainpd from thf: left-hand side of (6.19)
by replacing A,,(1,1), A,(1,2), A,(2,2) with A, (1,1), A,(1,2), A,(2,2). By Lemma 6.3
and GLT 6,

{m[Goasy GG} e [@roa® Geaad

(6.20) {nSptn ~ox —ptijg,(0) —
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where {II,, },, is a sequence of permutation matrices. Hence, by GLT 1,

nilfln(l,l) (1 2) a(@)kpp ) (0)  Eipkig,n(0)
©2D H(Anu,zw (,2)]} [(g[,,, 200" g (0)

Looking at Figure 6.3, we see that the singular values (resp., eigenvalues) of the matrix in the
left-hand side of (6.21) are given by the singular values (resp., eigenvalues) of the matrix in
the left-hand side of (6.19) plus m(p — k) — k + 1 singular values (resp., eigenvalues) that are
equal to n~! plus m(q — ¢) — £ + 1 singular values (resp., eigenvalues) that are equal to n.
Since m(p — k) —k+m(qg—{€) — £+ 2is o(n), (6.19) follows from (6.21) and Definition 2.3.

We now prove (6.20). The proof is completely analogous to the proof of (6.19). Consider
the matrix

nS, =n(A,(2,2) — (A, (1,2)7 (A, (1,1)) 7 A, (1,2))
=nd,(2,2) — (A, (1,2)T (1A, (1,1)) 71 4,(1,2).

By Lemma 6.3 and GLT 4,

N . 0))* #)~ ! . 0
{nSn}n ~arr —ppiq,q(0) — Eptiaa (6)) (H[ap’(]ig )™ Cipksal( )

Hence, by GLT 1,

(Epkia,) (0))* (Kip,i) (0) ™ Epp ki, (0)
a(x) '

Looking at Figure 6.3, we see that the singular values (resp., eigenvalues) of nS,, are given by
the singular values (resp., eigenvalues) of n.S,, plus m(q — £) — ¢ + 1 singular values (resp.,
eigenvalues) that are equal to n. Since m(q — ¢) — ¢ + 1 is o(n), (6.20) follows from (6.22)
and Definition 2.3. a

(6.22) {(nSp}n ~ox —phtjg.q(0) —

7. Application to multigrid methods. We outline in this section an application of the
theory of rectangular GLT sequences in the context of multigrid methods. It is an application
similar to the one addressed in [31, Section 3.7]. For simplicity, we focus on two-grid methods
only, and we consider the case of a 1-level 1-block (scalar) GLT sequence { A, },, ~grr k(2 6),
with A, of even sizen = 2¢ and k : [0, 1] x [—m, 7] — C. We also assume that, when {A,, },,
is interpreted as a 1-level 2-block matrix-sequence (which is possible because n = 2/ is even),
we have {A,,},, ~arr &(z,0) with & : [0,1] x [—m, 7] — C?*2. Suppose that we want to
solve a linear system with coefficient matrix A,, by a structure-preserving two-grid method
analogous to the one proposed in [30] for Toeplitz matrices. According to [30, p. 436 and
Section 2.2], the resulting two-grid iteration matrix is given by
-1

TGM, = S, -CGC,,  CGC, =1, —ph[(ph)*Anph]  (p)* An,

where:

e S, = I, —wA,, is the iteration matrix of the relaxed Richardson method with relaxation
parameter w;

e v is a positive integer representing the number of smoothing iterations;

e CG(, is the coarse-grid correction matrix;

° pr =P, Tf; is the prolongation (or interpolation) matrix of size n x ¢, and its conjugate
transpose (p%,)* is the restriction (or projection) matrix;
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e T is the “cutting matrix”, i.e., the matrix of size n x £ given by

0
1

- 1 (T[)ij:{L if i = 24,

e 0, otherwise;

0
1

e P, is an n x n matrix such that, when { P, },, is interpreted as a 1-level 2-block matrix-
sequence, we have { P, },, ~crr &(w, 0) for some € : [0, 1] x [—m, 7] — C2X2,
We note that T = Dy(a), where a is the constant function

a(z) = m .

We also note that {I, },, ~cur 1 and {I,,},, ~crr 2, because n = 2¢ is even and [,, can be
interpreted as either the 1-level 1-block Toeplitz matrix 75, (1) or the 1-level 2-block Toeplitz
matrix Ty(I2). It follows from GLT 3— GLT 4 that

{TGM,}p, ~crr (I2 — wk(z,0))” - <(x,0), {CGCL}n ~arr s(x,0),

where
<(2,0) = I — &(x,0)a(2)[((x, )a(x)) Rz, 0)¢(x, O)a(x)] " (E(z, O)al(z)) A (x, 0)
I £z, 0)a(z)(§(z,0)a(x))* R (z,0)
(&(z, O)a(z))*i(z,0)¢(z, 0)a(x)’

provided ({(z, 0)a(z))*R(x, 0)¢(x, 0)a(x) # 0 ae.in [0,1] x [—m, 7).

REMARK 7.1. While the matrices S}, and CGC,, can be multiplied, their “natural”
symbols 1 — wk(z,0) and ¢(x,d) can not. In such cases, one can proceed as illustrated
above by changing (one or both) the natural symbols to “unnatural” symbols which have
the advantage of being multipliable. A similar consideration applies to the case where two
matrices B,, and C,, have to be added but their natural symbols do not have the same size.

8. Conclusion. We have developed the theory of rectangular (multilevel block) GLT
sequences as an extension of the theory of classical square (multilevel block) GLT sequences
presented in [7]. We have seen that all properties of square GLT sequences obtained in [7]
generalize to rectangular GLT sequences as long as they do not involve spectral symbols or
Hermitian matrices (compare Section 2.8 to Section 5). We have also noted that property
GLT 6 for rectangular GLT sequences is actually a stronger version of the corresponding
property GLT 6 for square GLT sequences. Finally, we have provided in Sections 6—7 two
illustrative applications of the theory of rectangular GLT sequences. Further applications will
be investigated over the years.
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