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CONVERGENCE RATES FOR OVERSMOOTHING BANACH SPACE
REGULARIZATION*

PHILIP MILLER! AND THORSTEN HOHAGE?

Abstract. This paper studies Tikhonov regularization for finitely smoothing operators in Banach spaces when
the penalization enforces too much smoothness in the sense that the penalty term is not finite at the true solution. In a
Hilbert space setting, Natterer [Applicable Anal., 18 (1984), pp. 29-37] showed with the help of spectral theory that
optimal rates can be achieved in this situation. (“Oversmoothing does not harm.”) For oversmoothing variational
regularization in Banach spaces, only very recently has progress been achieved in several papers in different settings,
all of which construct families of smooth approximations to the true solution. In this paper we propose to construct
such a family of smooth approximations based on K -interpolation theory. We demonstrate that this leads to simple,
self-contained proofs and to rather general results. In particular, we obtain optimal convergence rates for bounded
variation regularization, general Besov penalty terms, and ¢P wavelet penalization with p < 1, which cannot be
treated by previous approaches. We also derive minimax optimal rates for white noise models. Our theoretical results
are confirmed in numerical experiments.

Key words. regularization, convergence rates, oversmoothing, BV-regularization, sparsity-promoting wavelet
regularization, statistical inverse problems
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1. Introduction. Inverse problems occur in many areas of science and engineering when
a quantity of interest f is not directly accessible, and only indirect effects g°" can be observed
under noise. Very often such inverse problems are formulated in the form of operator equations,

F(f) =g,

with some injective, but possibly nonlinear, forward operator F' : Dr — Y mapping a subset
D of some Banach space to another Banach space Y. Typically these operator equations are
ill-posed in the sense that the inverse of I fails to be continuous with respect to useful Banach
norms. Such problems have been studied in numerous papers and monographs; we only refer
to [11, 23, 24].

Probably the most common and well-known method to deal with ill-posedness for inexact
observed data g°*® and to compute stable reconstructions of f is Tikhonov regularization. If
g°P® belongs to Y with deterministic error bound

(1.1) lg°" — F(f)lly <6,

we consider Tikhonov regularization in the form

obs 3 ]' obs 1 u
(1.2) Sa(g™) := argmin | g™ = F()[} + — Ikl |,
heDpNXr u

with a penalty term (1/u)||h[|%;, given by the norm of another Banach space X, a regulariza-
tion parameter « > 0, and an exponent u € (0, 0c). Later in Section 5 we will also consider a
variant of (1.2) for a white noise model.

Oversmoothing refers to the situation that the true solution f does not belong to the space
Xr. This situation is likely to occur if the norm of X contains derivatives. The use of such
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penalty terms is common practice and was already proposed in the original paper by Tikhonov
[26]. As usual in regularization theory, we aim to bound the reconstruction error in terms of
the noise level 0. To give a specific example, we may be interested to bound the LP-error for
image deblurring with bounded variation regularization in the presence of texture.

As the Tikhonov reconstructions in (1.2) belong to Xz, but f ¢ X, one cannot expect
them to converge to f in X%. Instead, the reconstruction error will be measured in a weaker
norm || - ||x, indexed by the subscript L for “loss function.” We will further assume that F is
finitely smoothing in the sense that it satisfies a two-sided Lipschitz condition with respect
to the norm of an even larger space X_ (typically with negative smoothness index), and Xp,
contains or coincides with some real interpolation space between X_ and Xx.

Let us now briefly sketch the literature on oversmoothing regularization. In a first seminal
paper [21] inspiring numerous follow-up works, Natterer analyzed the case that Y is a Hilbert
space, F' is linear, v = 2, and Xg, Xy, and X_ all belong to a Hilbert scale, using the
Heinz inequality for self-adjoint operators in Hilbert spaces as a main tool. In Banach space
settings, only variational techniques are available, and usually a first step is to derive an
inequality for the Tikhonov estimator by plugging the true solution f into the Tikhonov
functional. In the oversmoothing case, this is not possible, and only recently has progress
been achieved for this situation by several constructions of sequences of smooth elements
approximating the true solution f. Hofmann and Mathé [15] (see also [16]) consider nonlinear
operators, still in Hilbert spaces, but their approach for constructing smooth approximations to
f (auxiliary elements in their terminology) is already essentially a special case of our approach.
In [13] the case of /!-regularization with ¢2-loss and a diagonal operator was studied using
truncation of the sequence f. In a previous work [20] the authors analyzed oversmoothing
in sparsity-promoting wavelet regularization using hard thresholding to approximate f by
smooth elements. The most general results so far have been obtained by Chen, Hofmann,
and Yousept [5], who use functional calculus of sectorial operators to construct smooth
approximating sequences.

In this paper we propose to construct a sequence of smooth approximations to f based on
K -interpolation theory. We believe that our analysis is significantly simpler than the one in [5].
Moreover, we can derive optimal rates for some interesting cases, such as BV-regularization
and Besov space regularization with p = 1, which do not seem to be covered by the analysis
in [5].

We also derive convergence rates for oversmoothing regularization with statistical noise
models covering both Besov space and BV-regularization. It seems that oversmoothing for
statistical inverse problems has not received much attention in the literature so far; we are only
aware of the preprint [22].

The remainder of this paper is organized as follows. In the following Section 2 we
introduce our setting and prove our main result (Theorem 2.4) for the deterministic noise
model (1.1). In Section 3 we formulate and discuss a convergence rate theorem for general
oversmoothing Besov space regularization as a corollary to Theorem 2.4. In the following
Section 4, we show LP-error bounds for oversmoothing bounded variation regularization in a
further corollary to Theorem 2.4. Oversmoothing regularization for statistical inverse problems
is treated in Section 5 by adapting the proof of Theorem 2.4. We also discuss a parameter
identification problem for an elliptic differential equation as a specific example and confirm
the predicted convergence rates for this example in numerical experiments. The paper finishes
with some conclusions and three appendices collecting results on interpolation theory, Besov
spaces, and functions of bounded variation.

2. Deterministic analysis. In this section we present our main result. We will assume
that X is a quasi-Banach space. Recall that a quasi-Banach space X with norm || - ||x satisfies
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all axioms of a Banach space except for the triangle inequality, which only holds true in
the weaker form ||z + y||x < ex(||z|lx + ||y|lx) with some constant ¢x > 1 independent of
x,y € X. The most prominent examples of quasi-Banach spaces that are not Banach spaces are
L? and ¢P spaces with p € (0,1). A number of authors (see, e.g., [4, 25, 33]) have proposed
P penalty terms with p € (0,1) with the aim to enforce more sparsity of the regularizers,
and this is our reason for not confining ourselves to Banach space penalties. Quasi-Banach
space penalties do not cause any additional complications in our analysis and may thus be
considered the natural setting for our approach.

2.1. Real interpolation of quasi-Banach spaces. Our analysis is based on real inter-
polation theory of quasi-Banach spaces via the K -method, which we will recall in the follow-
ing.

Let X and X_ be quasi-Banach spaces with a continuous embedding X C X_. The
K -functional is given by

@.1) K(t, f) = inf [||f — hllx_ +t|h]x] fort>0and feX_.

inf
heX

With this, a scale of quasi-norms is defined by

e d 1/q
I lecon, = ([ x000 F)

for0 < 6 < 1landgq € [1,00), and

11l )0, = supt™ K (£, f)
t>0

for 0 < 6 < 1. We obtain quasi-Banach spaces (X_, X)g , consisting of all f € X_ with
I fllx_ x)6., < 003 see, e.g., [3, Section 3.11].

2.2. Assumptions and preliminaries. Our basic assumption on the forward operator F
is a two-sided Lipschitz condition with respect to the norm in X_. Similar conditions have
been imposed in all previous papers on oversmoothing Tikhonov regularization that we are
aware of. We start with F' defined on D r:=DrNXg.

ASSUMPTION 2.1. Suppose Xr is a quasi-Banach space and Y is a Banach space,
D r C X, and F': D r — Y a map. Moreover, we assume that X continuously embeds into
a Banach space X_ with

Milufl Pl < IER) — F(f)lly < Mallfy — follx. forall fu, f2 € Dy

for some constants My, My > 0. Finally, let £ € [0,1). If¢ € (0,1), let Xy, be a Banach
space and suppose that there exists a continuous embedding

(X_, XR)gJ - XL.

If£ =0, we set X, := X_.

Note that, under this assumption, F' has a unique continuous extension, again denoted by
F’, to the norm closure Dr of DF in X_.

We start with a lemma that introduces smooth approximations to f based on real inter-
polation theory and provides estimates of their approximation rates in X_ and Xy, and their
growth rate in X.

LEMMA 2.2 (Smooth approximations).  Suppose Assumption 2.1 holds true. Let
0 € (§,1] and o > 0. Suppose f € (X_,XR)0,00 With || f||(x_ xr)e... < 0. Then there exists
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anet (ft)i>0 C Xg such that the following bounds hold true:

(2.22) If = fellsx_ < 20t%,
(2.2b) If = fellx, < Crot®¢,
(2.2¢) | fellser < 2017

Here C1, > 0 denotes a constant that is independent of o, t, and f.
Proof. Recall that || f||(x_ xx),.. <o implies K(t,f) < ot? for t > 0 with the K-
functional from (2.1). Hence, for every ¢ > 0 there exists f; € X such that

||f - ftHXf +tHft||XR S 2K(ta f) S 2Qt9

We neglect the first summand on the left-hand side to see (2.2c), and the second to obtain
(2.2a). This finishes the proof for £ = 0, and we now turn to the case £ € (0, 1).

As an intermediate step to (2.2b), we first prove that || f — fill(x_ xr)s.. < 30 forall
t > 0. To this end we first consider s > ¢ and insert i = 0 into the K -functional to wind up
with

K(s, f = ft) [1F = fo = hllx_ + sllhllxe] < I = fellx_ < 20t° < 205°.

= inf

heXr
For s < t we substitute h = b’ — f; and use the triangle inequality in Xz to estimate

K(s, f = fe) = it [Ilf =hlx + 5[0 = fillxg]
'eXr
< K(s, f) + sl fillze < 05 +205t" 7" < 305",
From the last two inequalities we conclude that
If = fell e xm)o =sups °K(f — fi,5) < 30.
s>0

By the reiteration theorem (see Proposition A.3) we have

XL D (X, XR)en = (X, (X, XR)0,00)e/6,1

with equivalent norms of the latter two spaces. Hence, Lemma A.1 provides an interpolation

: . —¢£/0 6 .
inequality || - ||x, < ]| - ||§1§7§/ - ||f§/{77x72)9m. Inserting f — f; we finally get

If = fellx, < c(20t”) 74/%(30)%/% < 3cot?™¢. D

REMARK 2.3. From the existence of approximations as in Lemma 2.2 one can reclaim
the regularity assumption as follows. Let f € X_ and suppose that there exists a net
(ft)t=0 C Xg such that the bounds (2.2a) and (2.2¢) hold true. Inserting f; for h in the
K-functional yields K (¢, f) < 40t°. Hence f € (X_,Xg)g,00 With || f[(x_ ). < 40

2.3. Abstract convergence rate result. With Lemma 2.2 at hand, we are in position to
prove the following convergence estimates as the main result of this paper.

THEOREM 2.4 (Error bounds). Suppose Assumption 2.1 holds true. Let 6 € (€,1] and
0 > 0. Assume that f € (X_,XR)g.c0 With ||f|lx_ xz)e .. < 0 and moreover that Dp
contains an Xy,-ball with radius T > 0 around f.
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1. (Bias bounds) There exists a constant Cy, independent of f, o, and T such that
(2.32) Hf _ faHX, < Cbgu/((l—e)u+20)a9/((1—9)u+20),
1f = fallx, < Cyp 1 =8)ut20)/((1=0)u+20)  (0-8)/(1=0)u+20)
(2.3b) HfaHXR < CbQQ/((l—Q)u+29)a(@—l)/((l—@)u-‘rQG)

holds true for all 0 < o < o ((1=0ut20)/(0=&)(A=Ou+20)/(0=8) gpq f, €
Sa(F(f)); see (1.2).

2. (Rates with a priori choice of a) Let 0 < ¢; < ¢,. Suppose g°®® € Y satisfies (1.1)
with 0 < § < o= &/(0=70/00-8) Let o > 0 and f, € Sa(g°™). There exists a
constant C.. independent of f, g°*%, o, T, and & such that

—u/0 §((1-0)u-+26)/0 —u/0 §((1-0)u-+26)/0

clo <a<co

implies the bounds
If = falx_ < C.o,
If = Fallx, < Coo/060=0/0,
[ Fallstn < Cool/086-1/0,

3. (Rates with discrepancy principle) Let 1 < cp < Cp. Suppose that 0 < § <
0~ 8/0=870/00=8) and ¢g°> € Y with ||g°> — F(f)|ly < 6. Let a > 0 and
fa € Sa(g°®). There exists a constant Cy independent of f, g°, o, and & such that

cpd < [lg°™ = F(fa)lly < Cpé

implies the bounds
If = fallx, < Cag®/?60=8/0,
[ fallxr < Cag?6=1/°.

Proof. Let (ft)+>0 be as in Lemma 2.2.
1. We choose

(2.5) t = O~ L/(0=9) p(u=2)/((1=0)u+20) 1/ ((1=0)u-+20)
with Cp, from Lemma 2.2. Inequality (2.2b) yields

(2.6)
1 = fill, < Crot?=€ = o(1=8ut26)/(1=6)u+20) o (9—6)/(1=0)u26) -

Hence f; € Dp, i.e., we may insert f; into the Tikhonov functional and use the
Lipschitz condition of F', (2.2a), and (2.2c) to wind up with

S IF () = FUDIE + <lfallte < 5o F() = FGOIE + A1,

IN

M22 9 1
< _ - u
S Sn If — fell_ + u||ft\|xn

2 u

< 2M2 g2t29 + ggut(Ofl)u
« u

_ ClQ2u/((179)u+20)a(Gfl)u/((lfe)u+20)’
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with ¢; depending on Ms, Cy,, u, 6, and . We neglect the penalty term and use the
Lipschitz condition of the inverse of I’ to obtain the first bound

1f = fallx < Mi||[F(f) = F(fa)lly < (2e1)"/2 My o/ (1 =00t20) g0/ =00ut20),
Together with (2.2a) we record
e = fallx- < If = fellxe + 11f = fallx_ < cagt/ (- Out20 /(=020

with ¢y depending on Cy,, ¢1, M1, 6, and €.
Neglecting the data fidelity term in the above estimation of the Tikhonov functional
provides

||fo¢HX7z < (Clu)l/uQQ/((lfa)quQO)a(Gfl)/((lfﬁ)u+29)'

Furthermore, we see that || f¢||x,. satisfies the same upper bound. With the triangle
inequality in Xz we combine

1fe = fallxr < exe (1 fellxr + | fallxz)
< 2ex, (eru) /@R (1=0)u+20) o (0-1)/(1=0)u+20),

Next, the interpolation inequality | - ||z, < || - [|x - || - ||§§R (see Lemma A.1)
furnishes

Ife = fallx, < 049((1—£)u+2£)/((1—9)u+20)a(9—£)/((1—9)u+29),
with ¢4 depending on ¢, ca, ¢3, x5, U, and &. Together with (2.6) we finally obtain

If = fallx, <N = fellxe +11fe = fallx,
< (1 4 ¢4) o (1=E1+20) /((1=0)ut20) (,(9=6)/((1—0)u+26).

2. Taking ¢t = Cp,~Y/(978) p=1/061/0 we have
@.7) 1f = fillxy, < Crot?=® = o*/%6=9/% < 7.
This ensures that f; € Dp. We insert into the Tikhonov functional, use the elementary

inequality (a + b)? < 2a? + 2b% for a, b > 0, (2.2a), (2.2¢), the Lipschitz condition
of F', and the choice of « to estimate

1 ) A 12 u
7”90]3S - F(foz)Hgf + E”faHXR

2
1 i 1
< %Hg()bs —F(f)+F(f)=F(f)ll¥ + ﬂ“ftll%ﬁ
62 M3

2u _
< —+ 2|f - filli + =ovtO e
« [0 u
62 2u
<q +4M220L_20/(0_§))E n ;CLa—e)u/(e—&)Qu/e(;(e—l)u/e

< C5Qu/9(5(9_1)u/0,

with ¢5 depending on ¢;, M5, C, u, 6, and .
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Now we follow the argument in part 1. From the last inequality and the triangle
inequality in Y we get

1f = fallx- < Mi|[F(f) = g°° + ¢°* = F(fa) v
< M16+Ml(205)1/2a1/2gu/(20)5((0—1)u)/(29)
< Mi(1 4 (2e5¢,)Y%)6,

which, together with (2.2a), implies || f; — faHx, < ¢g6, with cg depending on C,
My, ¢s, ¢r, 0, and €. Moreover, || follxr s | fillxe < (c5u)t/“0/?60=1)/0 Hence

I1fs = fallxr < 255 (c5u)t/" /050110
R R

by the triangle inequality in X .

We use the above interpolation inequality to combine the last two inequalities into
/e = fallx, < cr08/96©@=8/ with ¢; depending on cs, ¢, ¢5, Cxr,» U, and €. With
(2.7) we conclude that

If = fallz,, < (1 + er)o/ P61/,

. We set & := min{(c3 —1)/2,4MCy,"2%/(®=9)} Then ¢ > 0. Furthermore, we
take

— 1/(260
po (M) N
o\ 1+4¢ed ¢ '

Then (2.2a) reads as

1/2
9 —
28) I/ = Fellx < 20t = (1 H_l) My 2%,

Due to (2.2b) we obtain
If = fellx, < Crot?—¢ < CL((4M2)—1€)(9—£)/(29)QE/95(9—£)/9
(2.9) < 95/95(9—5)/9 <,

which provides f; € Dp.

In the following we use the elementary inequality (a + b)? < (1 + €)a? +
(1 +&71)b? for all @, b > 0 (which is proven by expanding the square and applying
Young’s inequality on the mixed term) and (2.8) to estimate

9% = F(f)l3 < (1+€)82 + (L+ e YHIF(f) — F(f)lI?
<1460+ (1 +e HM|lf - fl%
< (1+26)8% < cd” < [|g° — F(fa)3-
Therefore, a comparison of the Tikhonov functional taken at fa and f;, and (2.2¢)
yields
[fallxn < fellzn < 20177 = csg*50=0/%,

with cg depending on Mo, ¢, and 6. Hence || f; — fallx. < 2cx,cs0™/?60—D/0,
Moreover,

lge — F(fa)llx < [19°° = gelly + [19°™ = F(fa)lly < 2Cpé.


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

108 P. MILLER AND T. HOHAGE

Therefore, ||f: — fa||x, < M;Cpd by the Lipschitz condition. As above, we
conclude that || f; — fallx, < co0t/?60=/° with ¢y depending on ¢, Cp, ¢g, Cxp»
and &, and we use (2.9) to finish up with

If = fallxe < (1+co)o?6@=9/% O

We discuss our results in a series of remarks.

REMARK 2.5 (Interior point). The requirement that f be an interior point of the domain
in X1, may be weakened to the requirement that elements f; satisfying the bounds given in
Lemma 2.2 belong to Dy for ¢ small enough.

REMARK 2.6 (Influence of the exponent u). A strength of the above theorem is that it
provides convergence rates for all exponents u. Note that the choice of « does not influence
the rate while it does influence the bias bounds and the parameter choice rule. An inspection
of the a priori rule shows that a larger u allows for a larger choice of the parameter «. The
flexibility in the choice of w in our theory is a remarkable difference to many other variational
convergence theories where one has to pick a specific exponent; see, e.g., [15, 32]. The authors
also do not expect any difficulty in generalizing this result to exponents other than 2 in the
data fidelity.

REMARK 2.7 (Equivalent norms). The presented theory relies on a purely quasi-Banach
space theoretic framework. That is, as we do not appeal to any metric or convex notions like
subdifferentials or convexity, the result in Theorem 2.4 stays the same up to a change of the
constants if we change the norm on any of the occurring spaces up to equivalence. This has
an important impact on regularization with wavelet penalties that we will discuss in the next
section.

Once again this is a major difference to classical variational regularization theory. For
example, it is not clear how the subdifferential of a norm involved in the source condition
A*w € OR(f) for a linear operator A changes if the norm is replaced by an equivalent one.
Also classical variational source conditions are characterized by the smoothness of OR rather
than by the smoothness of f (see [32]), and the former may change if the norm in the penalty
term is replaced by an equivalent norm.

REMARK 2.8 (Converse result). Suppose minimizers in (1.2) exist for all g € Y and
a > 0,and Dp = X_. In view of Remark 2.3, one can reclaim f € (X_,Xg)g o from the
bias bound (2.3a) together with (2.3b), as, with a/(t) = cp?~"t(1=?)4+20 for a suitably chosen
constant ¢ depending only on Cj, a net (fu(1))¢>0 With fo ) € Sy satisfies the bounds
(2.2a) and (2.2¢) in Lemma 2.2.

REMARK 2.9 (Limiting case § = 1). In the case # = 1 the parameter choice rule in
Theorem 2.4 becomes o ~ §2. Here the results provide boundedness of the estimators f,, and
fa in Xr. Due to Proposition A.2, we have Xz C (X_, Xz )1 0. The latter two spaces agree
if X is reflexive; see [27, 1.3.2 Remark 2]).

Before we illustrate our theorem by simple sequence space models, let us point out that,
in contrast to [5, 15], we do not need to require that cp = Cp in the discrepancy principle. As
also mentioned in [5], this is desirable in view of practical implementations.

EXAMPLE 2.10 (Embedding operators in sequence spaces).

e Letp € (0,2) and u € (0,00). We consider Xg = (P, Y = X, = X_ = (2, and
F: Xg — Y with z — z the embedding operator. Then Assumption 2.1 holds true
with £ = 0.

Let v € (p,2); then we obtain (see, e.g., [12])

(€2a‘€p)0,,,oo =w/l’ with 01} =
v
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Here w/" stands for the weak £"-space given by the quasi-norm
[z/liee = sup o #{|zx| > a}.
a>0

Theorem 2.4 yields that z € wf” implies
lz = Zalla = O(6) and |[|za ], = O(8>0~/@E=),

with o € argmin, ¢, [(1/2a)[|2°%% — z||3 + (1/u) | 2[|4] and ||z — 2°"%]]; < §, and
either of the parameter choice rules specified in Theorem 2.4.

e Once again let p € (0,2) and u € (0, 00). Now we consider Xg = P, Y = X_ =
(%°, Xy, = (2, and again F': X — Y the embedding operator. With ¢ = p/2, the
continuous embedding

(foo7£p)§’1 C (goc,gp)gg = 62

yields Assumption 2.1.
For v € (p, 2) we have (£>°,£P), ,, o = wl”. Hence for x € wl” we obtain

lz = &alla = O(8*7/2) and  |[&all, = O(3P~/P),

with 4 € argmin, ¢, [(1/2a)[|z°" — z||2, + (1/u)||z]|4], |2 — 2°"%||x < 4, and
either of the parameter choice rules specified in Theorem 2.4.

3. Besov space regularization. In this section we apply Theorem 2.4 to regularization of
finitely smoothing operators with Besov space penalty term. For a comprehensive treatment of
Besov spaces, we refer the reader to [28, 29, 30], and also to [ 14, Chapter 4] for a self-contained
introduction and applications in statistics. The Besov space B q(Rd) for a smoothness index
s € R, an integrability index p € (0, 00|, and a fine index ¢ € (0, o0] with quasi-norms
Il B: ,(RY) Can be defined in several equivalent ways, among others via a dyadic partition
of unity in Fourier space, via the modulus of continuity, or via wavelet decompositions. In
contrast to the analysis of non-oversmoothing Besov regularization in [17, 19, 20, 32], it will
not matter here which of these equivalent norms is used in the following.

In the following, let 2 C R be a bounded Lipschitz domain. Then B ,(2) := {f]q :
f € B; (R} with l9llB; , == inf{[|fllps  (re) : flo = g} is a quasi-Banach space, and
even a Banach space if p, ¢ > 1; see [29]. Some properties of these spaces and relations to
other function spaces are summarized in Appendix B.

Throughout this section we use X = By () for fixed r > 0 and p, ¢ € (0, 00|, and
consider the regularization scheme

1 1
3.1 Salg) = argmin| o—[lg = F(W)IF + —[Iall5, |, g€,
o 2a u "B

for a fixed exponent v € (0, c0). A natural choice is u = q.

3.1. Convergence rate result. We first formulate our assumptions on the forward opera-
tor. Recall that B3 5(£2) = W3 (£2) with equivalent norms for all s € R; see Proposition B.1.

ASSUMPTION 3.1.  Suppose that a > 0 and B, ,(Q) C By 5(S2) with continuous
embedding. Let Dp C B;)Q(Q), Y be a Banach space, and F : Dp — Ybea map satisfying

Milﬂfl ~ follpzs SIF(f) = F(f)lly < Mol fi = follpzy forall f1, fo € D

for constants My, Ms > 0.


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

110 P. MILLER AND T. HOHAGE

The assumption of a continuous embedding By () C B,;5(f) is satisfied if
a+r > d(1l/p—1/2); see (B.3). For ¢ = 2, even the condition a + r > d(1/p — 1/2)
suffices; see (B.2).

Now we state and prove the convergence rate result for oversmoothing Besov space
regularization. We first state our theorem under the abstract smoothness condition given by
the maximal real interpolation space in Theorem 2.4, and discuss how to find more handy
smoothness conditions in terms of Besov spaces afterwards. For the sake of brevity, we do not
state the bounds on the bias.

COROLLARY 3.2 (Rates for oversmoothing Besov space regularization). Consider the
regularization scheme (3.1) for some p, q € (0,00] with g < p, r > 0, and u € (0, 00), such
that D := 2p(a 4+ 71)/(2a + pr) > 1 (i.e., p > 2a/(2a + r)), and suppose Assumption 3.1
holds true. Assume the true solution f has smoothness index s € (0, 7] in the sense that

(3.2)
—a r sta
f€(By3(Q), By ((2)g. 00 for 0s:= atr and ||f”(B;g(ﬂ),B;,q(Q))es,w <o

for some o > 0; see also Remark 3.4. Suppose that the closure D ofDF in BQ_;(Q) contains
a B%ﬁ(ﬂ)—ball with radius T > 0 around f. Suppose also that g°® € Y satisfies (1.1) for
0<6< o ¥/srsta)/s gng f € So(g°P%) defined in (3.1) for some o > 0. Let 0 < ¢; < ¢,
and 1 < cp < Cp. Then there is a constant C,. independent of f, g"bs, o, T, and § such that
either of the conditions

clQ—u(a+7')/(s+a)6((2—u)s+2a+u7‘)/(s+a) <a< CTQ—u(a+7')/(s+a)6((2—u)s+2a+u7‘)/(s+a)

and
epd < [l9°% = F(fa)lly < Cpd
on the choice of o implies the following bounds:

Hf - fa“B;g S CT57
1f = fallss < Crgt/tstage/ (o),
F Nl < (0 platr)/(s+a) §(s—7)/(s+a)
1fallBy , < Cro 5 :

Proof. Weset§ :=a/(a+r),Xg = B}, (), X_ := B;5(Q), and Xy, := B) (Q), and
verify Assumption 2.1. The two-sided Lipschitz condition holds true due to Assumption 3.1.
If a = 0, then £ = 0 and we have p = 2. Therefore, X_ = X, = B),(Q) = L*(Q). Ifa > 0
we use ¢ < p and 1 < P to obtain the following chain of continuous embeddings:

(3.3)
(B23(9), By o()e1 € (Ba3(Q), By 1()e s C (Ba3(Q), By ,(D)es = Byp(Q);

see [3, Theorem 3.4.1(b)] for the first embedding, (B.4) for the second, and (B.6) for the
interpolation identity. This shows Assumption 2.1, i.e., (X_, XR)g,l C XL, and the result
follows from Theorem 2.4. 0

In contrast to the analysis in [17, 19, 20, 32], which is restricted to certain choices of r, p,
q, and u, our only restrictions on the parameters are » > 0, ¢ < p, and p > 1. We will see that
the assumption ¢ < p can be dropped by some refined argument using a complex interpolation
identity.
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We further discuss our results in the following remarks.

REMARK 3.3 (LP loss). Suppose p < 2. Then p < 2. Hence the continuous embedding
B 5(Q) C LP(Q) (see (B.1)) together with (3.3) yields (B, 5(Q), B} ,(2))ea CiLﬁ(Q).
Therefore, Corollary 3.2 remains valid word for word if one replaces B%Tj(Q) by LP(Q) in
this case.

REMARK 3.4 (Smoothness condition). Suppose that p, ¢ > 1. By the complex inter-
polation (B.7) we have

0. = Bp_4.(Q),
(3.4) B 2p(a + 1) B 2q(a+r)
Ps = s(2—p) +2a+pr’ s = s(2—q)+2a+qr

With this we obtain a continuous embedding B, , (2) C (By5(2), B} ,(£2))s, - as, for
Banach spaces, the complex interpolation space [-, -]¢ is always continuously embedded in the
real interpolation space (-, -)g,o0; see [3, Theorem 4.7.1]. Hence the statements in Corollary 3.2
remain true if the smoothness assumption on f formulated in terms of (B5 5(Q2), B}, ,(€2))s, o0
is replaced by

3.5) fer,S’qS(Q) with || f]

s < p.
Breas = 0

REMARK 3.5 (Assumption ¢ < p). We also comment on the assumption ¢ < p, again for
the Banach space case p, ¢ > 1. Using complex interpolation, this restriction can be dropped
as follows. Since the real interpolation space (-, -)g 1 is always continuously embedded in
the complex interpolation space (see [3, Theorem 4.7.1.]), identity (3.4) yields a continuous
embedding

(B35(€), By ,(2))e1 C By 2(2)

for p as in Corollary 3.2 and G := 2¢(a + 1) /(2a + gr). Hence the statements in Corollary 3.2
remain true in the case ¢ > p if one replaces BY () by B2 -(Q).

REMARK 3.6 (Other domains and boundary conditions). For the sake of clarity, we have
confined ourselves to bounded Lipschitz domains 2 C R? and to the Besov spaces B; ,(Q).
However, Corollary 3.2 relies on only the interpolation identity (B.6), the embedding (B.4),
and the embedding stated in Assumption 3.1. These are also valid in many other situations
(sometimes under additional assumptions), e.g., for certain unbounded domains (in particular,
R< and half-spaces; see [30]), certain Riemannian manifolds (see [28, Chapter 7]), as well as
Besov spaces with other boundary conditions (see [27, Chapter 4]).

EXAMPLE 3.7 (Hilbert spaces). For p = ¢ = u = 2, the regularization scheme (3.1)
becomes classical Tikhonov regularization with W3 (€2) = Bj »(2) penalty. Here we obtain

1fa = fllzz = O(p/ eF @65/ +0) it | 1]

By, <p, s€(0,r)

Due to W5 (2) = B3 5(2) C B3 . (€2), this reproduces the results in [15] and [21].

3.2. Sparsity-promoting wavelet regularization. In the following we explain how reg-
ularization by wavelet penalization and in particular weighted ¢!-regularization of wavelet
coefficients is contained in our setup. The latter is often used since it leads to sparse estimators
in the sense that only a finite (and often small) number of wavelet coefficients of fa do not
vanish.

We introduce the scale of Besov sequence spaces by, , that allows us to characterize Besov
function spaces B, ,(£2) by decay properties of coefficients in wavelet expansions; see also
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[29, Definition 2.6]. Let cs, Cy > 0 and (A;) jen, be a family of finite sets such that
ea2® < |Aj] < Ca27% forall j € No.
We consider the index set
A:={(j,k): j € No, k€ Aj}.

For a sequence = = (2;1,)(j,»)ea and a fixed j € Ny, we denote by z; := (zj1)kea, € R
the projection onto the jth level. For s € R and p, ¢ € [1, oo] let us introduce

A : js0jd(1/2—
by.q = {z € RN |zflspg <00} with [l2llspg = (|72 2P g l,) jeno |-
Suppose (1) )aeca is a wavelet system on € such that the wavelet synthesis operator

S: by, — By (Q) givenby (Sz)(r) = aapa(r) forreQ
AEA

is a norm isomorphism for 7, p, and ¢ the parameters involved in X = B{,’ q(Q). In this case
we use the norm || f| gy = IS f|l+p.q in (3.1). By transformation rules of argmin under
composition with a bijective mapping, the estimators in (3.1) can then be rewritten in the form

1 1
5a0) =8 argmin [y~ DI + 2ol
2eS—1(Dp) L2 “

This is the more common implementation of wavelet penalization methods. If there exists a
wavelet analysis operator

A: By (Q) = by, satisfying ([ A-[;pq ~ |55,

then || f|[xz := [[A[|r,p,q is equivalent to ||| 5y . and may be used as penalty term in the
framework of Corollary 3.2.

EXAMPLE 3.8 (p = 2). In the case p = 2 we have (B 5(£2), B3 ,(2))s,,00 = B3 o (2)
(see (B.5)), and Corollary 3.2 shows that

B0 fa— flli = O FI Ty if|if|lgs < p, s €(0,7).

The same convergence rate has been obtained for non-oversmoothing Besov wavelet penaliza-
tionin [32] forg = u > 2,and s € (0,a/(¢ —1)], and in [17] for ¢ = v = 1, and s € (0, 00),
for infinitely smooth wavelets. In [32] it was shown that this rate is of optimal order.

As a reference example, we discuss rates for piecewise smooth univariate functions with
jumps. As shown in [20, Example 30], such functions belong to By, ., if and only if s <'1 /D,
and to B, , with ¢ < oo if and only if s < 1/p. Hence, in our setting we have s = 1/2 in
(3.6).

EXAMPLE 3.9 (p = ¢ = 1). Note that for u = p = ¢ = 1 we obtain a weighted
('-penalty. The largest smoothness class (B 5 (€2), B 1(€2))g.,00 = S(ks) was characterized
in [20] as the image of a weighted Lorentz sequence space ks, and a converse result was
derived for this class. As this is not a Besov space, we will work with the slightly smaller
space (B35 (Q), By 1(Q)s, p. = B, , () = W5 (Q) with p, = (2 +2r)/(2a + 7 + 5)
€ (1,(2a + 2r)/(2a + r)) for simplicity; see (B.6), Proposition B.1. Hence, Corollary 3.2
implies that

1fa = Floz = O D6/ CH) it | fllwy ~|Iflls;, . < p, s € (0.7)

PssPs
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for p = (2a + 2r)/(2a + r). This re-proves results that were derived in [20] using hard
thresholding approximations of the true solution.
For piecewise smooth functions with jumps, the condition s < 1/ps is equivalent to
s < (2a+1)/(2a + 2r — 1), and the right-hand side is always larger than 1/2. Therefore, we
obtain a faster rate for p = 1 than for p = 2 although only in the LP- rather than the L?-norm.
EXAMPLE 3.10 (p < 1). Forp = ¢ = u < 1 we obtain a weighted ¢P-penalty. In
analogy to Example 3.9 we use the smoothness class (B, 5(€2), By, ,(2))e, 5, = Bj_ 5.(Q2) =

. ~ Ps;Ps
W5 () with ps = 2p(a+7)/(2a +pr+ (2 —p)s) € (p,2p(a+7)/(2a + pr)) and find that

1o = fllzs = OGO/ ) it | fllws ~ | fllzs  <p. s€(Or)

forp = 2p(a + r)/(2a + pr).

For piecewise smooth functions with jumps, the condition s < 1/p, is equivalent to
s < (2a+71)/(p(2a + 2r + 1) — 2), where the denominator is positive due to the first part of
Assumption 3.1. Hence choosing p < 1 rather than p = 1 pays off in the sense that we obtain
an even higher rate of convergence, but also in an even weaker norm.

REMARK 3.11 (Does oversmoothing harm?). To conclude this section, we point out
a difference in the previous three examples. For p = 2 our convergence rate analysis yields
the same convergence rate O(3°/(*+®)) measured in the same norm, the L2-norm, under the
same smoothness condition given by B3  (€2) as in the case 7 = 0. Hence the paradigm
“Oversmoothing does not harm” known for Hilbert space regularization remains true for
B3 ,(£2) Banach space penalties with ¢ < 2.

In contrast, in Examples 3.9 and 3.10, a higher value of » may cause an assignment of
a lower smoothness s to a fixed true solution. On the other hand, the error is then measured
in a stronger norm. This indicates that the integrability index in the loss function norm may
have an influence on the convergence rate. It calls for the development of a convergence rate
theory that is more flexible in the choice of the loss function and allows for norms that cannot
be sharply bounded by powers of the norms of the spaces X_ and X in Assumption 2.1 via
interpolations.

4. Bounded variation regularization. This section contains an application of Theo-
rem 2.4 to Tikhonov regularization with penalty term given by the BV-norm. Let d € N and
€ C R9 be a bounded Lipschitz domain. A function f € L (§2) has bounded variation if

Flovie = sup{ / f(z)divg(z) dz: g € CHQLRY), [lg] = (age) < 1} < oo.

Here
d 1/2
gl Lo (,re) = H <Z g?) with g =1(g1,...9n)-
Jj=1 Lo (Q)
Then
BV(Q) == {f € L'(9Q): |flpv(a) < oo}
is a Banach space equipped with || - [[gv(q) := || - [|z1(2) + | - [Bv(Q)- We refer to [2] for a

detailed study of spaces of bounded variation.
For a > 0 with a > d/2 — 1 there is a continuous embedding BV (£2) C B, 5(Q); see
Proposition C.1. In this section we will use the following assumption on the forward operator.
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ASSUMPTION 4.1. Leta > O witha > d/2 — 1. Let Dr C BV(Q), Y be a Banach
space, and F': Dy — Y be a map satisfying

1 = Fellogs < IF(R) = F(fa)lly < Mallfy = fol Jorall £, 2 € Dr

for constants My, My > 0.
For g € Y we consider

1
Sa(g) = argmin | —|lg = (W) + [|AllBv |-
heDp L

We refer to [1] for this kind of regularization scheme for linear operators, including a proof of

existence of minimizers, and to [7] for a treatment of similar estimators in a statistical setting.
Leta > 0 and s € (—a, 1). The following interpolation identity, based on the result by

Cohen et al. in [6, Theorem 1.4], is a crucial ingredient for our convergence rates result,

s+a 2a + 2

dty := ——
aJrlan s+2a+1

@1 B, (Q) = (By2(Q),BV(Q)g,,, with 6, :=

with equivalent norms. In the latter reference, the authors show this identity for Q = R? and
from there we conclude the statement in Proposition C.2.

To avoid the abstract smoothness condition in Theorem 2.4, we state our theorem under a
slightly stronger smoothness assumption and comment on the weaker condition in a remark
afterwards. Again, we do not state bounds on the bias for the sake of brevity.

COROLLARY 4.2 (Convergence rates for BV-regularization). Suppose Assumption 4.1
holds true, and the true solution f has smoothness

feBl ., () wih|f]

B; . <0

s

for some 0 < s < landp >0, or
fe€BV(Q) with|flsv < o

In the latter case, we set s = 1. Set p = (2a + 2)/(2a + 1) and suppose that the closure Dy
of Dr in By 5 () contains an LP(Q)-ball with radius T around f. Suppose that g ey

satisfies (1.1) for 0 < & < o= %/s7(s%0)/s and let fo, € Sa(g°®) for some o > 0. Let
0<c¢ <crandl < cp < Cp. Then there is a constant C,. independent of f, gObS, o, T, and
& such that either of the conditions

clQ—(a+1)/(s+a)6(s+2a+1)/(s+a) <a< CTQ—(a+1)/(s+a)6(s+2a+1)/(s+a)

and
cpd < )™ = F(fa)llv < Cpd
on the choice of o implies the following bounds:
Hf - fa“B;‘zl S C’rav

If = fallriay < Cro™/sT@ge/(sta),
| fallBvio) < Crolet/(sta)gls=1)/(s+a),
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Proof. We show that Assumption 2.1 is satisfied with Xg = BV(Q2), X_ = B, 5(1),
Xy, = LP(Q), and u = 1. Due to Proposition C.1, we have a continuous embedding BV () C
By 5(Q). If a = 0, then we have p = 2 and B ,(Q2) = L?(Q2); see Proposition B.1. Hence
we have Assumption 2.1 with £ = 1 in this case and the result follows from Theorem 2.4.

Ifa > 0,wesetf :=a/(a+1). Note that 1 <P =ty < 2. Hence [3, Theorem 3.4.1(b)],
(4.1), and Proposition B.1 yield the following chain of continuous embeddings:

(B35(2), BV(2)e1 C (By5(),BV(Q))ep = Bp5(2) C LP(RY).
Finally, [3, Theorem 3.4.1(b)] and (4.1) yield
By 1.(€1) = (B55(€2),BV(Q))e. ¢, C (B35(2),BV(Q))s, 00

Hence the smoothness condition on f in the claim implies the smoothness condition in
Theorem 2.4. Therefore, the stated result follows from Theorem 2.4. O

REMARK 4.3 (Weaker smoothness condition). The statements in Corollary 4.2 remain
true if the smoothness assumption on f is replaced by f € (B, 5(2), BV(£2))s, oo With a
bound by o on the norm of f therein. '

REMARK 4.4 (Similarity to B ;(£2)-regularization). We see that the convergence
rates and also the smoothness condition for BV-regularization equal those for Bll,l(Q)-
regularization in Corollary 3.2. The reason for this is that the interpolation identity in (4.1)
holds true with BV (Q) replaced by B1 ;(£2).

Whereas for B} | (Q)-regularization with a norm given by wavelet coefficients, we also
have a convergence rate result in the non-oversmoothing case s > r (see [20]), a similar result
remains open for BV-regularization.

5. White noise. In this section we extend the tools developed in the previous sections to
derive convergence rates for oversmoothing regularization with stochastic noise models.

We will assume that Qy C R is a bounded Lipschitz domain and Y = L2(Qy). We
consider noise models of the form
(5.1) 9 =F(f)+0Z, ZeB,"2(Qy),
with a normalized noise process Z and a noise level o > 0. Moreover, p € (1, 0o] is the same
as in Section 3, and 1/p’ + 1/p = 1. The choice of the Besov space is motivated by the fact
that Gaussian white noise belongs to B;flo/f almost surely (see [31] for the d-dimensional
torus), and to no smaller Besov spaces. Also point processes (i.e., random finite sums of
delta-peaks) belong to B;flo/j for p > 2 as well as local averages of noise processes over a
finite number of detector areas. We will derive error bounds in terms of Besov norms of Z. The
expectation of Z does not necessarily have to vanish, i.e., Z may also contain deterministic
error components. However, to derive error bounds in expectation, we will have to assume
that the norm of Z has finite moments:

(5.2) E[qug_m} < oo forallk e N.

This easily follows from much stronger large-deviation inequalities (see, e.g., the proof of [17,
Corollary 6.5]), which have been shown for Gaussian white noise in [31, Corollary 3.7] or [14,
remark after Theorem 4.4.3]. For other noise processes, the verification of (5.2) may require
further investigations.

Since the Tikhonov functional in (1.2) is not well defined in our setting, we formally
subtract £ |g°P%(|2 from 3|g°®* — ¢||% to obtain the new data fidelity functional Syevs (g) =
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3llgll3 — (g°"*, g) and Tikhonov regularization of the form

1 1, ..
(5.3) T.(g°") = argmin | —S, oo (F(h)) + =[|hll%x |
hGDF u

with u € (0,00). Note that, for g°” € Y, we have T,,(g°"*) = S,(g°"*), but T,,(g°") is
also well defined for white noise. More precisely, in the setting of the following Theorem 5.1,
the existence of minimizers in (5.3) can be shown by the same argument as in the non-
oversmoothing case; see [17, Proposition 6.3].

5.1. Convergence rates. We first study Besov penalties with p > 1.

THEOREM 5.1 (Stochastic rates for oversmoothing Besov space regularization). Let
1<p<21<q<p andr > 0. Let the data g°° be described by (5.1), consider
Tikhonov regularization in the form (5.3), and assume that ||-||x, in (5.3) is equivalent to
II| By, - Suppose the true solution f € Dr has regularity s € (0, r] with norm bound ¢ > 0
in the sense of (3.2) in Corollary 3.2 or (3.5) in Remark 3.4. In addition to Assumption 3.1,
suppose that F satisfies the one-sided Lipschitz condition,

(5.4) IE(f1) = F(f2)ll potr (o) < My fr - fallsy @) forall fi, f2 € Dr,

and that d/2 < a +r. Let D := (2p(a + 1)) /(2a + pr) and assume that the closure D of
Drp in B;5(2) contains a BY ;(Q)-ball with radius T > 0 around f.

Then there is an a priori parameter choice rule o = (o, o) (specified in (5.12)) such that
there exists a constant C,. > 0 such that the reconstruction error with fa € T, (g°%) satisfies
the bounds

(5.52) 1F = Fullpos < o1 + NT)p/2)/ (s+atd/2) (sa)(statd/2)
(5.5b) If - faHL% < O (1 4 N7 pletd/d)/ (sta+d/2) o (s)/(s+atd/2),
(5.5¢) ||fa||XR <C(1+ Nn)Q(r+a+d/2)/(s+a+d/2)U(s—v")/(s+a+d/2),

forall 0 < o < p~(a+d/2)/sp(statd/2)/s yip N .= 12 g-a/2 and

(a+71)u
a+r+d/2u/2—d/2

In particular, if (5.2) holds true, then

"=

(5.6) E[||f — falfs]'/" = O(plo+ /D (statd/2) 5s/(sta+d/2)y - 45 6 5 0 forall k > 1.

Proof. As in Section 3 set X_ = B, 5(Q). If a > 0 then we have (X_, Xz)4/(a4r)p C
B%j(Q) C LP(Q2) = Xy, with continuous embeddings due to p < 2 and g < p; see (3.3) and
Remark 3.3. If a = 0, then X_ = X, = L?(Q). We choose

t = OL7(a+r)/s(O_/Q)(a+r)/(s+a+d/2),

and from Lemma 2.2 with § = (a + s)/(a + r) we obtain

(5.7) Hf o ftHXL < Q(a+d/2)/(s+a+d/2)0_s/(s+a+d/2) <7

Hence f; € Dy, and by definition fa € T (g°P®) implies
1

1 R P 1.
~Syor(a) + I fallt < —Sploe) + IS,
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with g; := F(f;) and §,, := F(fa) Adding (1/(2))|lg: — gall> — (1/a)Sgovs(ga) to this
equation yields

1 R 1,4
%”gt - goe”%{ =+ ;Hfa“%n

A

1 .1 1 T
(5-8) < %HQt — Jally + asgobs(gt) - asgobs(ga) =+ E”ftHXn

1 . 1 . 1 u
= E<0Zaga —g1) + E<F(f) — Gt,0a — gt) + a”ft“XR-

The first term on the left-hand side is estimated using the Besov space interpolation
a+r d
(5.9) (BS 2(), Byt (0))a/avarn = Byl (),
the Lipschitz condition (5.4), and the continuity of the embedding BS,Q Qy) =Y —

1 . 1 .
(02,50 = 90) < 02l - lgw = Gl

AUN - 1—d/(2a+2r) ~1d/(2a+2r)
<c o ||gt _gocHBg’z ||gt—ga||B;:T
oN i1-d ~
(5.10) < 627”% _ gaH§{ /(2a+2r)||ft — fa||x:z(2a+2r)

1 (a+r—d/2)/(2a+2r)
(cao¥a-tersamiasany(Lyg, - g, 2 )
«

X (ILfe = fallfg )/ Cer2D,

with ¢, depending on c1, the embedding constant, Mz, and the constant in the equivalence
of [|-||p; , and [|-||lx,. Now Young’s inequality zyz < (1/0)x? + (1/p)y* + (1/v)z" for
1/0 +1/p+ 1/v =1 with

u(2a + 2r) 2a + 2r ~u(2a+2r)

_ = ST and = 20T
K (a+7r—+d/2)u—d K a+r—d/2’ e v d ’

and the elementary inequality (z + y)* < 2471 (2% 4 y*) yield

1 .
a<JZ»go¢ — g¢)
1

1—u £ou

—(a+r a+2r 1 ~ Lz u 1 u
<c3(oNa (atr+d/2)/(2a+2 ))n+ @”élt — dall¥ + @Hfa”xn + %Hft”xw

—(a+r a+2r 1 ~
<c3(oNa (a+r+d/2)/(2a+2 ))n+ @”925 — all¥ +

with a constant cg that depends on co, u, 1, i, and v. The second and third summands on
the right-hand side can be absorbed in the left-hand side of (5.8). The second term on the
right-hand side (5.8) is estimated by

1 R 1 N
a(F(f) —9t:0a — 9t) < &HF(f) = 9tllvll9a — g¢lly
My .
< 7”]0_ ftHX,Hga _gtHY
4M.

2
1.
Z\f = i + 8704"90‘ - g%,

IN

(&%
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and the second term can be absorbed in the left-hand side of (5.8). Altogether we have shown
that

1 . 2 1 .
EHgt = Jally + Z”faH%R

“(atr+d/2)/(2a+2r) 3 W, AMS 2
<c3(oNa )n+ﬁ||ft\|xn+7||f*ft”x_

(511) g 03(O_Noéf(a+’r‘+d/2)/(2a+2r))7]

+ C4QQu(a—H’)/((2—u)s+2a+ur)au(s—r)/((2—u)s+2a+ur)

< (03 + 04)(1 + Nn)gu(a+r+d/2)/(s+a+d/2)O_u(sfr)/(s+a+d/2)

using Lemma 2.2, the choice of ¢, and the parameter choice rule

(5.12) o= CaQf(u(a+r+d/2)7d)/(s+a+d/2)o_((27u)s+2a+ur)/(s+a+d/2)

for a with a constant c,. Here the constant ¢4 depends on Mo, C1,, u, a, s, r, and c,,.
This shows on the one hand that

1fe = Fallz— < Millge = Gallv < c5(1+ N7/ (et glera)/(sratda/z),

with c¢5 depending on M7, cs, and ¢4, where we use the choice of a once again. This finishes
the proof if @ = 0. On the other hand, (5.11) and Lemma 2.2 imply that

1o = Fallzn < I elln + I falcn < co(L 4+ N7)glotr 4/ (hatdf2) oo/ (stataf2),

with ¢g depending on Cp, u, c3, and c4. Putting both estimates together and using the
interpolation and embedding results from the very beginning of this proof, we obtain

1fe = Falle < IUfe = Fall LIS = Fall ot
< 67(1 + Nn)Q(a+d/2)/(a+s+d/2)Js/(a+s+d/2)’

with ¢7 depending on c5 and cg. Together with (5.7) we wind up with

I1f = fallze < I = fellxe + 1 fe = fallx,
< (C7 + 1)(1 + N'r])Q(a+d/2)/(a+s+d/2)o,s/(s+<L+d/2). 0

In our noise model (5.1) we excluded the case p = 1, i.e., p’ = oo, since Z ¢ B(;f,lég

almost surely; see [31]. However, the interesting case p = ¢ = 1 can be treated if we impose
an additional one-sided Lipschitz condition on F', as follows.

THEOREM 5.2 (Stochastic rates for oversmoothing regularization with BV or B ;
penalties). For the data g°° described by (5.1) with p as defined below, consider Tikhonov
regularization of the form (5.3) with either || - |x. = || - [[Bv or || - [z = || - [| By, for some
r > max(0,d/2 — a). For BV we set v = 1 and assume that a > d/2 — 1. Suppose the true
solution has regularity

fe B ., () wih|f]

B; . <0

fors e (0,r]andts = (2a+2r)/(s+2a+71). For || - |xr = || - [|IBv and s = 1 we assume
f€BV(Q)and || fllsv < p. In addition to Assumption 4.1 or Assumption 3.1, respectively,
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suppose that there exists e € (0,a + r — d/2) such that F satisfies the one-sided Lipschitz
condition,

(5.13) |F(f1) — F(fZ)HB;:;T_E(Q\Y) < M| fy — follgp=eq) Jorall fi, fa € Dp,

withp := (a+71)/(a+71 —e/2). Let P := (2a + 2r)/(2a + r) and assume that the closure
Dr of D in By 5(2) contains a B) (Q)-ball with radius T > 0 around f.

Then there is an a priori parameter choice rule « = «(o, o) (specified in (5.12)) such
that there exists a constant C,. > 0 such that the reconstruction error with fa € To(g°")
satisfies all three bounds in (5.5) for all o as in Theorem 5.1 with N := || Z|| ;,-a/2 and n as in

p’,oc

Theorem 5.1. Under the assumption in (5.2) we also have (5.6).
Proof. The proof follows along the lines of the proof of Theorem 5.1, we just have to
replace (5.10) as follows. Note that 1 < p < 2. The starting point is

1 R 1 . oN R
(5.14) E<JZ, 9o — gt> < aHO—Z”BP—ldéj Hgt - ga”BZ‘/f = THgt - g"‘||BZ,/12'

We replace (5.9) by
at+r—e d/2
(B 2(Q), Bab™(0))a/ (20420201 = Byt (),

and use the continuity of the embedding BY ,(Qy) = Y < B{,(Qy) and (5.13) to obtain

d/(2a+2r—2e¢)

~ d/(2a+2r—2
gt = Gall gorz < €1llge = Gall o) [ gy — Gl
(5.15) < collge — ga”Y d/(2(l+27"—2€)|‘ft _ fa”‘é/r@z-i-% 2e)

with cs depending on c1, the embedding constant, and M. To estimate the second factor on
the right-hand side, we use the interpolation identity

B;ape(Q) = (B£S<Q)7 XR)(LPFT*&)/(G,J,»T),p

(note that —a < r — e), which follows from Proposition C.2 or from [30, 2.4.3], respectively.
Together with Assumption 4.1, respectively Assumption 3.1, we obtain

e = Falgge < esllfe = Fally s e = fall e/

~ e/(a+r a+r—e)/(a+r
s@@—%w<|u Fall§grey/ten),

with ¢4 depending on c3 and M. Inserting into (5.15) and then into (5.14) yields the inequality

L 07,50 — g0) < es T g — Gl O £, — |2,
o e
which replaces (5.10). Here c5 depends on ¢4 and c,. The rest of the proof can be copied from
the proof of Theorem 5.1. a

REMARK 5.3 (Minimax optimality). It can be shown as in [17, Proposition 6.6] that the
error bound in (5.6) is optimal in a minimax sense.

REMARK 5.4 (Duality). In view of the fact that the dual of Besov spaces B %, () for s €

R and p, ¢ € (1, 00) on smooth, bounded domains €2 is given by the spaces B;)q(Q) ={fe

B Q(Rd) :supp f C Q} (see [27, Theorem 4.8.2]), it may appear more natural to impose the
assumptions in (5.4) and (5.13) in these spaces. (Note that, if 2y = 2 and F is linear and
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self-adjoint on L?(2) with a bijective continuous extension to By 5 (€2) — L(€2) such that
Assumption 3.1 holds true, then F' : L?(Q) — BS’Q(Q) is also bijective by duality.) However,

the spaces Bf,yq(Q) are closed subspaces of B,  (£2), which can be written as nullspaces of
certain trace operators, except for smoothness indices s with s — 1/p € Ny at which the
number of well-defined traces changes; see [27, Theorems 4.3.2/1 and 4.7.1]. Therefore,
the given formulations of (5.4) and (5.13) are more general, and boundary conditions can be
incorporated in the domain Dy of F.

REMARK 5.5 (Special case f € BV). Theorem 5.2 for || - ||x. = || [|pv and f € BV(£2)
improves the rate in [9] obtained for a different estimator by eliminating logarithmic factors in
the noise level. Furthermore, we do not need to assume the existence of a wavelet—vaguelette
decomposition of the forward operator.

REMARK 5.6 (Implications for regression). Our setting includes the case ' = [ corre-
sponding to regression problems. We discuss two particular cases.

e If we choose Besov wavelet norms with p = ¢ = 1 as in Section 3.2, then the mini-
mization of the Tikhonov functional splits into a family of minimization problems for
each wavelet coefficient, resulting in soft thresholding or wavelet shrinkage estima-
tors with level-dependent threshold. Such estimators have been studied extensively
in mathematical statistics; see, e.g., [10].

e For || - |x = - ||Bv we obtain BV-denoising. Here our assumption a > d/2 — 1
is only satisfied for d = 1. In this case Theorem 5.2 shows optimal LP-convergence
rates of this estimator for functions with Besov smoothness < 1; see also [18]. In
higher dimensions, convergence rates of a multiresolution estimator for BV functions
were established in [8].

5.2. Numerical experiments for a parameter identification problem. We confirm
the theoretical results in Theorems 5.1 and 5.2 by numerical experiments for the nonlinear
identification of ¢ in the elliptic boundary value problem

" :

(5.16) u'+cu=¢ in(0,1),
u(0) = u(l) = 1.

The forward operator in the function space setting is F'(¢) := u for the fixed smooth right-
hand side . For this problem, the verification of Assumption 3.1 with a = 2 is discussed
in [17, Example 2.8 and Lemma 2.9]. The experiments are carried out in the same setup
as in [20], where more details on the implementation can be found. We added independent
N (0, 52%)-distributed random variables to n = 2'° equidistant measurement points as a discrete
approximation of Gaussian white noise on [0, 1] with ¢ = ¢/+/n.

The true coefficient ¢/"™P is given by a piecewise smooth function with finitely many
jumps. For each noise level &, we drew 10 data sets and took the average of the reconstruction
eITOrS.

The regularization parameter « was chosen according to the rule (5.12) with ¢, chosen
optimally for the median value of . Of course, in practice a would have to be chosen in a
completely data-driven manner, e.g., by the Lepskii balancing principle, but this is not within
the scope of this paper.

EXAMPLE 5.7 (p = 2,q = 1). First, we use as penalty the norm (with power u = 1)
on the Besov space B3 | ((0,1)) given by the b3 ;-norm of wavelet coefficients with respect
to Daubechies wavelets of order 7. According to Remark 3.8, the smoothness of the solution
"™ s then measured in the scale B3 ((0,1)), and in this scale the maximal smoothness

index of JU™P is s = 1/2, i.e., UMP € B;’/;((O, 1)); see [17, Example 30]. In Figure 5.1
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we see a good agreement of the reconstruction error in the numerical experiment with the
predicted rate O(c'/%) measured in the L?-norm.

EXAMPLE 5.8 (p = ¢ = 1). Now we use the bil-norm on db7 wavelet coefficients norm

as penalty term. As a = r = 2, we have p = 4/3. As in [17] one shows that ¢/"™P belongs to

+ +.((0,1)) for s < 6/7. Therefore, Corollary 3.2 and Remark 3.3 predict the rate O(c)

for all e < 12/47 measured in the L*/3-norm. In Figure 5.1 we see a good agreement with
the reconstruction error in the numerical experiment.

2.5
—— reconstruction error bound O(&¥47)
i -1
2.0 f/\ true coefficient 2% 10 error for b,-pen.
W - +
15 / [N

107!

L¥3 error

Lol Y J

0.0 — T T T T T r T r
0.0 0.2 0.4 0.6 0.8 1.0 10-3 10-% 10-3
g
1125 )
2% 10-1 error bound O(&247)
1.100 —F— error for bi;-pen.
1.075 ]
&
1.050 "
10257 & —— noisy data 107!
1.000 true data
0.0 0.2 0.4 0.6 0.8 1.0 10-3 10-* 1073

Q:

FIG. 5.1. Top left: The true coefficient "™P with jumps in the boundary value problem (5.16) together with
the reconstruction for b% 1 -penalization at noise level ¢ = 2.51 x 103, Bottom left: Corresponding noisy data

together with F(c/"™P), Top right: Averaged reconstruction error and its standard deviation using b% 1 -penalization,

the rate (’)(51/ 6Y in the L?-norm predicted by Theorem 5.1 (see Example 5.7). Bottom right: Reconstruction error
using b? | -penalization, the rate (9(5'12/47) in the L*/3-norm predicted by Theorem 5.2 (see Example 5.8).

6. Discussion and conclusions. We end this paper with a summary of our results and
a comparison to non-oversmoothing regularization theory. Until recently the oversmoothing
case in variational regularization theory has been considered more difficult to analyze due to
the failure of the tools developed for the non-oversmoothing case so far, which are usually
based on some type of source condition. The analysis of this paper, inspired by a series of
recent papers discussed in the Introduction, suggests that, on the contrary, oversmoothing
may be considered the easier case. The theory is now more complete in many respects than
the theory of non-oversmoothing Banach space regularization, as the following examples
demonstrate:

e For oversmoothing Banach space regularization, in contrast to the non-oversmoothing
case, convergence rate results always remain valid if the norm in the penalty term is
replaced by an equivalent norm.
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e So far the analysis of non-oversmoothing Besov space penalization (see [17, 19, 20,
32]) has been restricted to certain choices of the Besov norm indices r, p, and ¢ and
the norm power u, whereas Corollary 3.2 with the generalization in Remark 3.4 only
assumes 7 > 0.

e We are not aware of a convergence rate analysis of BV-regularization for the case that
the solution belongs to a smoothness class that is smaller than BV. (The case that the
solution smoothness is exactly BV has been analyzed in [9] in a statistical setting.)
In contrast, Corollary 4.2 provides optimal convergence rates for BV-regularization if
the solution only belongs to smoothness classes larger than BV.

On the other hand, an analysis of exponentially smoothing forward operators and other
operators not satisfying a two-sided Lipschitz condition is still missing so far for oversmoothing
Banach space regularization. Moreover, more flexibility in the choice of the loss function
would be desirable for both the oversmoothing and the non-oversmoothing cases, to allow for
natural or desirable norms and for comparisons of different methods.

Appendix A. Tools from abstract interpolation theory. We first characterize the second
part of Assumption 2.1.
PROPOSITION A.1 (Interpolation inequality (see [3, Section 3.5 and Theorem 3.11.4])).
Suppose that Xr, X1, and X_ are quasi-Banach spaces with continuous embeddings
Xr C Xy, C X_and £ € (0,1). Then the following statements are equivalent:
1. X, continuously embeds into (X_,X)¢ ;.
2. There exists a constant ¢ > 0 such that

If e < el fIZ - N fI forall f € X.

PROPOSITION A.2. Let X and X_ be quasi-Banach spaces with a continuous embedding
X C X_. Then we have X C (X_, X)1,o0 with embedding constant equal to 1.
Proof. Let f € X. Then we insert h = f in the K-functional (2.1) to obtain

K(t, f) <t|fllx forallt> 0.

Hence f € (X_,X); o with Hf||(xﬂx)1100 < I fllx- O
PROPOSITION A.3 (Reiteration). Ler X and X_ be quasi-Banach spaces with a
continuous embedding X C X_, and let 0 < £ < 0 < 1. Then

(vax)&l = (X*’ (X*7X)9700)§/971

with equivalent quasi-norms.

Proof. In the notation of [3, Definition 3.5.1] we have that X_ is of class C(0, (X_, X)).
Moreover, (X_,X)g o is of class C(¢, (X_, X)). If 6 < 1 this is due to [3, Theorem 3.11.4].
For 6 = 1 the definition yields that (X_,X); o is of class Cx (1, (X_,X)); see [3, Defini-
tion 3.5.1]. Moreover, from Proposition A.2 we see that

1l oe 302 e < Il < #7 1 masc{[| fllx_, tll Fllx}-

Hence (X_, X)), is of class C;(1, (X_, X)); see again [3, Definition 3.5.1]. Therefore, the
result follows from the reiteration theorem [3, Theorem 3.11.5]. O

Appendix B. Properties of Besov spaces. As elsewhere, let 2 C R be a bounded
Lipschitz domain. We first review the relations of Besov spaces to LP-spaces and to the
Sobolev spaces W5 (€2), with s > 0 and p € (1, 00). Recall that, for s € Ny, Sobolev norms
are given by || f]|%) s = ZaeNg,\a|gs | D f||% ,. For non-integer s, these spaces are also called
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Sobolev—Slobodeckij spaces, and for p = 2 they coincide with the H5(£2) spaces defined on
R< via Fourier transformation for all s € R.

PROPOSITION B.1 (Embeddings with L? and Sobolev spaces).
1. Letp € (1,00). Then we have continuous embeddings

(B.1) Bg,min{p,Q}(Q) c LP(Q) c Bg,max{p,Q}(Q)'

For p = 1 the following continuous embeddings hold true:
BY () € LY(Q) € BY ().

2. B, ,(Q) = W, () with equivalent norms for all 0 < s ¢ N and p € (1,00), and in
the case of p = 2 for all s € R.
3. Let po,p1,90,q1 € (0,00] and —o0 < s1 < 9 < 00. Then

(B.2) B;&qo (Q) C B;i7q0(Q) if s — d/po =81 — d/pl,
and
(B.3) B;&qo (Q) C B;iﬂh (Q) l:fSO — d/po > 851 — d/pl.

4. Let s € Rand p,qo,q1 € (0,00]. Then

(B.4) By () C By 0, () ifao < aqu-

Proof. First note that, as all occurring spaces on bounded Lipschitz domains in R¢ are
defined by restriction of the respective spaces on R, it suffices to prove the assertions for
Q=R%

1. Let F}; (€2) be the function spaces defined in [30, 2.3.1 Definition 2(ii)] for Q2 = R4,
By [30, 3.2.4(3)] we have continuous embeddings
Q) CF,,(Q)cCB;

;,min{p,q}( p,max{p,q} (Q) for all D, q € [17 OO)

With this, the embeddings for p > 1 follow from the identity F,),(2) = L?(Q) with
equivalent norms. The latter identity can be found in [30, 2.5.6]. For the assertion in
the case p = 1, we refer to [30, 2.5.7(2)].
2. See [27, Section 2.3 and Theorem 4.2.4].
3. See [30, Proposition 3.3.1].
4. The inclusion for Q replaced by R? can be found in [30, equation (2.3.2/5)]. Using
the definition of the B  (£2) spaces, this easily implies the assertion.
The proof is complete. |
We now recall some well-known results on interpolation of Besov spaces. Besides K-
interpolation reviewed in Section 2.1, we also refer to the complex interpolation method in
some remarks. The latter only works for complex Banach spaces X, X; as well as some
quasi-Banach spaces, and it is denoted by [X, X1]g = Xy for 6 € (0, 1); see [3].
PROPOSITION B.2 (Interpolation of Besov spaces). Let sq, s1 € R, sg # s1, 6 € (0,1),
and sq := (1 — 0)sg + 0s1.
1. Forp,qo,q1 € (0,00] and q € [1, 00] we have
(B.5) (Bpoy (), By, (2))a.q = B, ().

P40

2. If po, p1,pe € (0,00) with 1/pg = (1 — 0)/po + 0/p1, then
(B.6) (B2 1o (), Byt (2))o.pe = Byl ,, ().

Po,Po P1,P1 Po,Po
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3. If po,p1,pe € [1,00) with 1/pg = (1 —0)/po + 6/p1, and qo, 49, 1 € [1, 00) with
1/q0 = (1 —0)/q0 + 0/q1, then

(B.7) [Bro.ao (2): Byt g, (D)o = By 4, (2).

DPo,9q0 P1,91 DPo,q0

Proof. See [30, Theorem 3.3.6] for the first and last statements and [30, Theorem 2.4.3
and Remark 8 in Section 3.3.6] for the second statement. O

Appendix C. On spaces of functions of bounded variation. Finally, we also recall and
generalize some results on functions of bounded variation.

PROPOSITION C.1 (Embedding). Leta > 0 with a > d/2 — 1. Then there is a
continuous embedding BV (Q2) C B, 5(9).

Proof. For all embeddings involving the space BV(Q) in this proof, we refer to [2,
Corollary 3.49 and Proposition 3.21]. For d = 1 there is a continuous embedding BV(Q2) C
L?(Q). We have L*(Q) = B3 ,(Q) C By 5 (), which yields the claim in this case.

Ford > 1 we set p := d/(d — 1). Then p € (1, 2] and there is a continuous embedding
BV(Q) C LP(€2). By Proposition B.1 we have a continuous embedding L”(2) C B ().
Furthermore, a + d/2 > d — 1 = d/p yields a continuous embedding B ,(Q2) C B, 5(€2).
Putting together the last three embeddings yields the claim. O

PROPOSITION C.2. Leta >0, s € (—a,1), and Q C R? a bounded Lipschitz domain.
Then

s —a . s+a 2a + 2
Btmts (Q) = (B272 (Q), BV(Q))@SJS Wlth 05 = o + 1 and ts = m,

with equivalent norms.
Proof. First note that if f € BV(R?), then

fla € BV(Q)  with || flallBv) < [ fllBv(ra)-

Due to [6, Theorem 1.4] the claim holds true for @ = R?. Note that here the condition
~v < 1—1/d from the latter reference on v := —(2a+2)/d+1 is satisfied. Let ¢; be a constant
such that the norm in B; ; (R?) is bounded by c; times the norm in (Byg (RY), BV(R9))y, +.
and the other way around.

We transfer this result to bounded Lipschitz domains. To this end we separately prove
both inclusions in the stated identity.

Let f € B} ; (€2). Then there exists fe B; , (R%) with

flo=f and |flls;: , s <2|f|

Lett > 0and f = f1 + fo with f; € By 5(R%) and f2 € BV(R?) be a decomposition such
that

By, 0. (D)

||f1HB;g(Rd) +t||f2HBV(]Rd) <2K(t, f)
with the K-functional from real interpolation of Banach spaces. Then fi|q € B,y 5(2),
fola €BV(Q), f = fi + fo, and
K(t, f) < Hf1|QHB;g(Q) +tl| falollBvi) < 2K(t, f).
Hence with the definition of the norm on real interpolation spaces, we obtain

||f|\(B;;(Q),BV(Q))9“S < 2||fH(B;g(Rd),BV(Rd))gs,ts

<2a1|fllss , ey < 4eillfllss,, @)
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We turn to the other inclusion. There exists a constant Ceyy > 0 such that for every
f € By5(Q) there exists f € By 5 (R?) with

f|Q =[f and ||JFHB*;(Rd) < Cext||f\|B;§(Q)’

2

and likewise for every f € BV/(€) there exists f € BV(R%) with
flo=/ and ”fHBV(]Rd) < Cext | fllBv (-

This holds true by the definition of B, 5(£2) via restrictions and due to [2, Proposition 3.21]
for bounded variation functions. Now suppose f € (B, 5(22), BV(Q))g, ¢, Let f = f1 + fo
with fi € By 5(Q) and f> € BV(Q) such that

11l a0+t follBv ) < 2K(E, f).

Let f; € Bys (R4) and fa € BV(R?) be extensions as above. Then f = f1 + f satisfies
fla = f,and

K(t, fi + f2) < HJ?1||32—,;(Rd) + t||f2||BV(Rd) <2C.K(t, f).
We conclude that

1A lB;, . 0 S W llse, L ®e) < il fllipygmay Byvay,, ..
S 201Ce

|f||(B;g(ﬂ),BV(Q))ss,ts’ .
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