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REGULAR CONVERGENCE AND FINITE ELEMENT METHODS
FOR EIGENVALUE PROBLEMS*
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Abstract. Regular convergence, together with other types of convergence, have been studied since the 1970s for
discrete approximations of linear operators. In this paper, we consider the eigenvalue approximation of a compact
operator 7" that can be written as an eigenvalue problem of a holomorphic Fredholm operator function F'(n) = T'— %I .
Focusing on finite element methods (conforming, discontinuous Galerkin, non-conforming, etc.), we show that the
regular convergence of the discrete holomorphic operator functions F, to F' follows from the compact convergence
of the discrete operators T}, to T'. The convergence of the eigenvalues is then obtained using abstract approximation
theory for the eigenvalue problems of holomorphic Fredholm operator functions. The result can be used to prove the
convergence of various finite element methods for eigenvalue problems such as the Dirichlet eigenvalue problem and
the biharmonic eigenvalue problem.
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1. Introduction. Eigenvalue problems of partial differential equations have many impor-
tant applications in science and engineering, e.g., the design of solar cells for clean energy,
the calculation of electronic structure in condensed matter, extraordinary optical transmission,
non-destructive testing, photonic crystals, and biological sensing. Due to the flexibility in
treating complex structures and a rigorous theoretical justification, finite element methods
have been widely used to solve eigenvalue problems [2, 4, 7, 11, 20, 24].

The study of the finite element methods for eigenvalue problems started in 1970s and has
been an active research area since then. Many results obtained before the 1990s can be found
in the book chapter by Babuska and Osborn [2]. We refer the readers to [4, 24] for discussions
of recent developments. The main functional analysis tool is the spectral perturbation theory
for linear compact operators [10, 18]. Essentially, if there is uniform convergence of the finite
element solution operators to the continuous solution operator, then the theory of Babuska and
Osborn [2] can be employed to obtain the convergence of the eigenvalues and the associated
eigenfunctions, i.e., all eigenpairs are approximated correctly, and there are no spurious modes.

While uniform convergence of discrete operators can be proved for some finite element
methods such as conforming finite element methods, it is impossible or challenging for many
other finite element methods, for instance, the discontinuous Galerkin methods. Various
methods have been proposed in the literature to prove convergence when uniform convergence
is not available [1, 11, 19]. In this paper, we consider the eigenvalue approximation of a
compact operator 1" and reformulate it as an eigenvalue problem of the holomorphic Fredholm
operator function. The regular convergence of the discrete holomorphic operator functions
F,, follows from the compact convergence of the discrete operators. The convergence of
eigenvalues and eigenfunctions is then obtained using the abstract approximation theory
for the eigenvalue problems of holomorphic Fredholm operator functions in [16, 17]. This
work extends the results in [15, 16, 25] and provides an alternative way to analyze the
convergence of various finite element approximations for eigenvalue problems of partial
differential equations [21, 26, 27, 28, 29].
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The rest of the paper is arranged as follows. In Section 2, we recall the discrete ap-
proximation scheme, different types of convergence for linear operators, and the abstract
approximation theory for eigenvalue problems of holomorphic Fredholm operator functions.
Section 3 contains the study of regular convergence related to the finite element approximation
operators for partial differential equations in L2-spaces. It turns out that compact convergence
of the discrete solution operator guarantees regular convergence. Using the abstract approxi-
mation theory for holomorphic Fredholm operator functions, we show convergence of various
finite element methods for the Dirichlet eigenvalue problem in Section 4 and the biharmonic
eigenvalue problem in Section 5. We end the paper with some conclusions and future work in
Section 6.

2. Preliminaries. We present a brief introduction on the discrete approximation scheme,
different types of convergence, and the abstract approximation theory for eigenvalue problems
of holomorphic Fredholm operator functions. The readers are referred to [10, 16, 17,22, 23, 25]
for more details.

2.1. Discrete approximation schemes. Let X and X,,, n € N, be Banach spaces, with
{X,}nen a sequence of approximation spaces for X. Let P = {p, },en be a sequence of
bounded linear operators p,, : X — X, such that

Ipnzllx, — llzllx  (neN),

forallz € X.
DEFINITION 2.1. A sequence {x,, }nen With x,, € X, is said to P-converge to x € X if

|Zn — pnzllx, — 0 (n € N).

L P .
We write it as x,, — x (n € N) or simply x,, — z (n € N).
DEFINITION 2.2. A sequence {xy, }nen with x,, € X, is called (discrete) P-compact if

. P
for every N’ C N there exists N C N' and an x € X such that x,, — x (n € N”).

Let Y be a Banach space. Denote by £(X,Y") the space of bounded linear operators from
XtoY. Wedenoteby N(A)={z € X: Az =0}and R(A) ={yeY :y=Ax,z € X}
the null space and the range of the operator A € £L(X,Y), respectively.

DEFINITION 2.3. An operator A € L(X,Y) is called semi-Fredholm if R(A) C Y is
closed and additionally N'(A) has a finite dimension or R(A) has a finite codimension. If
R(A) is closed and in addition dim N'(A) and codim R(A) are both finite, then A is called
Fredholm. The index of a Fredholm operator is defined as

ind A = dim N (A) — codim R(A).

In the following, we define various notions of convergence for linear operators; see [10,
22, 25] for details. These are point convergence, stable convergence, compact convergence,
and regular convergence. Let {Y, },,cn be a sequence of Banach spaces that approximates
Y, and let Q = {gn }nen be a sequence of bounded linear operators g, : Y — Y,, such that
lanylly, — llylly (n € N) forally € Y.

DEFINITION 2.4. A sequence { Ay, }nen of linear operators A, € L(X,,,Y,,) converges
(or PQ-converges, or converges discretely) to A € L(X,Y) if

Ty (neN) = An:cn&A:z: (n €N).

We write this as A, — A (n € N) or A, LAy (n € N).
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In Theorem 2-8 of [25], the equivalence of A,, Ly} (n € N) and
|A,| < const, (n € N), lAnpnz — guAz|ly, =0 (n€eN), VzelX,

is claimed. The following theorem is a consequence of Theorem 2-8 and Theorem 2-9 in [25].
THEOREM 2.5. If p, € L(X, X},,), pn X = X,,, and b = const with

2.1 inf < bl|zn
2.0 exDf _ lzllx < bllen|

X, (n € N,\Vz, € X,,),

then | Appnx — gnAzx|y, — 0(n € N),Va € X, implies || Ay || < const(n € N).
Proof. If the conditions are satisfied, then by Theorem 2-9 in [25], one has the equivalence
of |Anpnz — gnAz|ly, = 0(n € N),Vz € X, and A4, A A (n € N). By Theorem 2-8
in [25], ||Ax|| < const(n € N). ad
DEFINITION 2.6. A sequence { A, }nen of linear operators A,, € L(X,,,Y,,) converges
stably to A € L(X,Y) if the following two conditions are met:
1 A, P2 A(meN).
2. There is some ng € N such that the inverse operators A;l € L(Y,, X,,) exist for all
n > ng, where

|4 <C (n>mng).

We write in short form A,, — A stably.

DEFINITION 2.7. A sequence { Ay, }nen of linear operators A, € L(X,,,Y,,) converges
compactly to A € L(X,Y) if the following conditions are met:
1 A, 28 A(meN).
2. lznllx, <C(neN) = {A,z,}neny Q-compact.
We write in short form A,, — A compactly.
DEFINITION 2.8. A sequence { Ay, }nen of linear operators A, € L(X,,,Y,,) converges
regularly to A € L(X,Y) if the following two conditions are satisfied:
1 A, 8 A en).
2. {A, }nen is regular, which means

||xn||Xn <C (n € N)a {An-Tn}nGN Q-compact = {xn}nEN P-compact.

We write in short form A,, — A regularly.

The following theorem from [25] (Theorem 2-55 therein) states a sufficient condition for
the regular convergence of A, to A.

THEOREM 2.9. Let

B, = B sably (B € £(Xn,Y,), B € L(X,Y)),
Cn — C compactly (C, € L(X,,Y,),C € L(X,Y)),

where R(B) =Y. Then
A, =B,+C, = B+C=:A regularly.
DEFINITION 2.10. A sequence { A, }nen of linear operators A, € L(X,,,Y,,) converges

uniformly to A € L(X,Y) if || Anpn — @nA|| — 0(n € N). We write in short form A,, — A
uniformly.
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2.2. Holomorphic Fredholm operator functions. We now introduce the abstract approx-
imation theory for eigenvalue problems of holomorphic Fredholm operator functions [16, 17].
Let X and Y be complex Banach spaces. Let {2 C C be a compact simply connected region.

Let F : Q — L(X,Y) be a holomorphic operator function on €2 and, for each € Q,
F(n) be a Fredholm operator of index zero [14].

DEFINITION 2.11. A complex number X\ € () is called an eigenvalue of F if there exists
a nontrivial © € X such that F(X\)x = 0. The element x is called an eigenfunction of F
associated with \.

The resolvent set p(F') and the spectrum o (F') of F(-) are defined respectively as

p(F) = {n € Q: F(n)~" exists and is bounded}

and

o(F) =\ p(F).

If p(F') # 0, then, since F'(n) is holomorphic, the spectrum o (F’) has no cluster points in
and every A € o(F) is an eigenvalue for F'(n). Furthermore, the operator function F'~1(-)
is meromorphic; see [16, Section 2.3]. The dimension of A/(F(})) is called the geometric
multiplicity of an eigenvalue .

DEFINITION 2.12. An ordered sequence of elements xq,x1,...,2; in X is called a
Jordan chain of F' at an eigenvalue \ if

F(\)z; + %FU)(A)%_l +...+ %F(j)()\)xo =0, j=0,1,...,k
where F'9) denotes the jth derivative.

The length of any Jordan chain of an eigenvalue A is finite. Denote by m(F, A, z) the
length of a Jordan chain formed by an eigenfunction xy. The maximal length of all Jordan
chains of X is denoted by k(F, \), called the ascent of A. Elements of any Jordan chain of an
eigenvalue )\ are called generalized eigenfunctions of A.

DEFINITION 2.13. The closed linear hull of all generalized eigenfunctions of an eigen-
value )\, denoted by G()\), is called the generalized eigenspace of .

Let X,,,Y,, be Banach spaces, not necessarily subspaces of X,Y. Let p,, € L(X, X,,)
and g, € L(Y,Y,,) be such that

lim [|pnzfx, = [[zllx, Ve € X and  lim [lgnylly, = [lyly, Vy € Y.
n— oo n—oo
Consider a sequence of discrete operator functions
F,:Q— L(X,,Y,), neN.

Assume that p(F') # () and
(bl) Forevery n € Q, {F,,(n) }nen is a sequence of Fredholm operators with index zero.
(b2) For every n € Q, {F,,(n) }nen is equibounded on £, i.e., || F,,(n)|| < C (n € N).
(b3) Forevery n € Q, {F,,(n) }nen approximates F'(n), i.e.,

I[Fn(m)pn — puF(n)]z]ly, — 0.

(b4) For every n € Q, {F,,(n) }nen is regular.
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Under these assumptions, the following theorem states that all eigenvalues are approxi-
mated correctly; see [16, 17] or [3].

THEOREM 2.14. For any )\ € o(F) there exists ng € N and a sequence \,, € o(F},),
n > ng, such that A\, — X as n — oo. For any sequence \,, € o(F,,) with this convergence
property and the associate eigenfunctions v2 € N (F,(\,)), |[v2||lx, = 1, one has that

An — A| < Cel/x,
inf A < Cel/x
UGA}?F(A))HU,L pvllx, < Cel",

where

€n = | max Urengg)l\ (Mpav = @ F ()],

llvllx=1
for sufficiently small 6 > 0.

The theorem above states that all eigenvalues and eigenfunctions are approximated
correctly. Note that condition (b3) (pointwise convergence) itself is not sufficient to rule out
spurious discrete eigenvalues. We refer the readers to [5] for some (pointwise convergent)
mixed finite element methods producing spurious eigenvalues.

3. Finite element approximations. To analyze finite element methods for eigenvalue
problems of partial differential equations, we choose X = Y = L?(D) for the rest of the
paper, where D C R? is a Lipschitz polygonal domain. The result in this paper holds for
higher-dimensional cases if the corresponding approximation properties of the finite element
methods for the source problem are available. Denote by ||- || the usual L2-norm. Let T be the
solution operator for the source problem associated to the eigenvalue problem. For example,
the Poisson equation with homogeneous Dirichlet boundary condition is the source problem
associated with the Dirichlet eigenvalue problem. In this section, we present some general
results that can be used to prove the convergence of a large class of finite element methods
for eigenvalue problems. It turns out that compact convergence of the finite element solution
operators 7}, in the L?-norm is crucial.

Assume that T' € £(X, X)) is compact, and let I : X — X be the identity operator. The
eigenvalue problem for 7" is to find A # 0 and nontrivial x € X such that

1
3.1 Tx = X:z:
Define F': Q@ — L(X, X) such that
1
(3.2) F(n) ::T—HI, n € €,

where () is a compact subset of C such that 0 ¢ 2. It is clear that F'(n) is a holomorphic
Fredholm operator for every n € Q and p(F') # . The eigenvalue problem of F'(-) is to find
A € Qand x € X such that

(3.3) F(\)z = 0.

Clearly, (3.3) is equivalent to the eigenvalue problem (3.1) for 7.

Let 7, := Ty, be aregular triangular mesh for D with mesh size h,, — 0%, n — oco. Let
X, C X be the associated finite element space endowed with the L?-normand P = {Pn}nens
pn : X — X, be the L2-projection, i.e., for f € X, p,,f € X,, is such that

(pnf,xn) = (fyx,)  forallz, € X,.
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Let I, : X;, — X, be the identity operator and ¢,, = p,,. Assume that there exists a
series of finite element approximation operators 7;, : X,, — X,, for T'. Define the discrete
approximation operators

1
(3.4) F.(n) =T, - Elm n e .

Since X, is finite-dimensional, F,,(n) is Fredholm with index zero for € Q and n € N. For
the convergence analysis of the discrete eigenvalues of F),(+) to those of F'(-), we shall see that

T, — T compactly

is sufficient. The stable convergence of I,, to I holds.

LEMMA 3.1. I,, — I stably.

Proof. If p,I — I,p, = 0, then I, — I. Furthermore, I;l : X, — X, exists and is
bounded. Hence I,, — I stably. a

The following lemmas establish sufficient conditions for compact convergence.

LEMMA 3.2. Assume that T,, — T discretely. If there exists a space X' compactly
embedded in X with X,, C X' and {T), }nen as operators from X,, to X' are uniformly
bounded, then T,, — T compactly.

Proof. Let ||z,,|| < C (n € N). Then {T},2y, } nen is bounded in X'. For any subsequence
{Thxn}nen, N C N, due to the compact embedding of X" into X, there exists a convergent
subsequence of {1,z }nenv, N’ C N/, such that T,,z,, — y € X (n € N”). Hence,

HTnxn _pnyH = HpnTn‘rn _pny” < ||Tnxn - y” =0 (n € NH)~

The proof is complete. |

REMARK 3.3. For a finite element approximation of the source problem, one usually has
a discrete solution operator 7} : X — X,. In general, the discrete operator T,, : X,, — X,
is such that T,,p,, = T}..

LEMMA 3.4. Let T : X — X be a compact operator. If T,, — T uniformly, then
T, — T compactly.

Proof. Let ||z,|| < C (n € N). Since T is compact, for any subsequence {Tx;, } nen,
N’ C N, there exits a convergent subsequence {7z, } nen, N’ C N/, suchthat Tz, — y € X
asN’" > n — oco. Forn € N”,

<N Tupnzn — PuT 0| + |lpnTTn — Pyl — 0 asn — oo.

Hence {1,z }nen is discretely compact and T;, — T compactly. a
THEOREM 3.5. Let T : X — X be compact. Assume that T,, — T compactly. Then:

1. |Fn(n)|| < C foreveryn € Qandn € N.

2. Foreveryn € Qand x € X, ||[[Fn(n)pn — pnF (n)]z|| — 0.

3. Fo(n) = F(n) regularly for each n € Q.

4. For an eigenvalue )\ of F, there exist ng and a sequence of eigenvalues \,, of F,,
n > ng, such that \,, — X as n — oo. For any sequence \,, with this convergence
property and the associated eigenfunctions x,, € N (F,(\,)), ||zn|| = 1, it holds
that

An — A| < Cel/",

inf ||z, — paz|| < Cel/*,
zeN(F(N))

where €, = || (Tapn — PTG || and k is the ascent of \.
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Proof.

1. Since X,, C X and the p,, are L2-projections, we clearly have that p,, € L(X,X,)
and p, X = X,,. Furthermore, since p,, are orthogonal projections, (2.1) is satisfied
by taking x = z, and b = 1. Since T,, — T discretely, the T}, are uniformly
bounded in n due to Theorem 2.5. It is clear that I,,’s are uniformly bounded. Then,
[IE. (n)|| < C due to the fact that 2 is compact.

2. Forafixedn € Qand x € X,

\[En(m)pn — puF(m)]z] = H(Tnpn ~paTe = Ll ~pal)e

= [[(Thpn — puT)z|| =0 as n — oo.

3. Since T,, — T compactly, F,,(n) — F(n) regularly for each € Q due to Theo-
rem 2.9.
4. We have that

max max ||F}, X — pp (x| = max ||[(T,p, — pand)x|| .
s UEG(A)II (Mpnz — pnF(n)z|| Jhax, [(Tnpn — puT)z|
vl x=1 lvllx=1

The proof is completed by applying Theorem 2.14. a
REMARK 3.6. In view of Remark 3.3, one has that

(T, = pu D)zl = [lpn (T, = Tl < (T3, = T)af.
Hence, the consistency error €, is bounded by the error of the finite element solution operators.

4. The Dirichlet eigenvalue problem. In this section, we analyze the convergence of
several finite element methods for the Dirichlet eigenvalue problem. Let D C R? be a bounded
Lipschitz polygonal domain. The Dirichlet eigenvalue problem is to find A € R and u # 0
such that

—Au=Mu in D,
u=0 on 0D.

The associated source problem is, given f, to find u such that

—Au=f in D,
@.1)
u=0 on 0D.
For f € L?(D), the weak formulation of (4.1) is to find u € Hg (D) such that
(4.2) a(u,v) = (f,v)  forall ve Hy(D),

where
a(u,v):/ Vu - Vo dz, (f,v):/ fvdx.
D D
The variational formulation of the eigenvalue problem is: Find A € R and u € H{ (D) such that
a(u,v) = Au,v) forall v € HY(D).

There exists a unique solution u € H} (D) to (4.2). Furthermore, u € H'**(D), where
€ (%, 1] (e = 1if D is convex) is the elliptic regularity index; see, e.g., [24, Section 3.2].
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Due to the wellposedness of (4.2) and the compact embedding of Hi (D) into L?(D), the
solution operator to (4.2)

T:L*(D)— L*(D) suchthat Tf=u

is compact. The Dirichlet eigenvalue problem is equivalent to the operator eigenvalue problem
of finding A € R and u € L?(D) such that

T(Au) = u.

LEMMA 4.1. Let Q C C\{0} be a compact set and F(-) be defined in (3.2). Then
F:Q — L(L*(D), L3(D)) is a holomorphic Fredholm operator function.

Proof. Tt is clear that F'(-) is holomorphic in 2. Since 7" is compact and [ is the identity
operator, F'(n) is a Fredholm operator of index zero for every n € . 0

Assume that there exists a finite element solution operator 7}, : X,, — X, such that
T, fn = u,. In general, one has convergence of the finite element method for the source
problem, i.e.,

lim | Topnf — puTf]| =0 forall f € X.
n—oo

Next we investigate several finite element methods for the Dirichlet eigenvalue problem using
the results in Section 3.

4.1. The conforming finite element method. Let X,, be the Lagrange element space
equipped with the L2?-norm. The discrete formulation for the source problem (4.2) is as
follows. For f € L?(D), find u,, € X,, such that

4.3) a(tn,vn) = (fn,vn) for all v, € X,
where a(t,, v,) = (Vug, Vu,) and f, = p, f.
The discrete problem (4.3) has a unique solution u,, such that ||u,[|z1(py < C||fn]]. Let

u and u,, be the solutions of (4.2) and (4.3), respectively. The classical finite element error
analysis gives that (see, e.g., [9])

(4.4) lu = unll < CRE£]]-

Let T, : X,, = Xn, T, fn = un, be the finite element solution operator of (4.3). Since
[tn = ppull = [Pan — ppull < flup — ull,

using (4.4), one obtains that

lim | Topnf — puTf]| =0 forall f € X.
n—oo

LEMMA 4.2. Let F,(-) be defined in (3.4). Then F,, — F regularly.

Proof. Due to Lemma 3.2, T;, — T compactly. Lemma 2.9 then implies that F;, — F'
regularly, completing the proof. a

The convergence for the Lagrange finite element method of finding A,, and w,, such that

(U, Vp) = Ap (U, Up) for all v,, € X,,

follows from (4.4) and Theorem 3.5.
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THEOREM 4.3. Let A € o(F). There exists ng € N and a sequence \,, € o(F,), n > ny,
such that \,, — X as n — oo. For any sequence \,, € o(F,) with this convergence property

and the associated eigenfunction un, ||u,|| = 1, one has that
4.5) Ao — A < CR2Y and  ||u, — u|| < ChZ?,
where u is some eigenfunction associated to A with ||u|| = 1.

Proof. Since T is self-adjoint, each eigenvalue has ascent £ = 1. From (4.4), it holds that
€n < Ch2. Hence (4.5) holds due to Theorem 3.5. a

REMARK 4.4. For convex domains, one has that « = 1 and thus obtains second-order
convergence for the eigenvalues and eigenfunctions using the linear Lagrange element.

4.2. Interior penalty discontinuous Galerkin methods. We consider the interior
penalty discontinuous Galerkin methods for the Dirichlet eigenvalue problem [1, 26]. Denote
by FI and F2 the sets of the interior edges and boundary edges of the triangulation 7,,,
respectively. Let F, := F! U FB. Let w and v be piecewise smooth vector-valued and
scalar-valued functions. Let F' € F! be an interior face shared by two elements K+ and K~
with outward normal v*. Denote by w and v* the value of w and v on K+ taken from
within K*, respectively. The jumps across F are defined by

[w] =wt vt +w v, [v] =v vt +o v,
and the averages are defined by
{{w}}:%(uﬁ—k'w*), {{v}}z%(?ﬁ—!—iﬁ).
For F € FE, one simply defines
[w] =w - v, [v] = vv, {w} =w, {v} = .
Define the discontinuous Galerkin space X, by
X, :={ve L*(D):v|x € PYK),K €T,},

where P*(K) is the space of polynomials of degree at most £ > 1 on K. Let p,, be the
L2-projection of f € L?(D) to X,, such that

(Pnfovn) = (fyvn)  forallv, € X,,.

We consider the DG methods in primal form for the Poisson equation. Find u,, € X,,
such that

(4.6) an(Un, V) = (fn, Un) for all v,, € X,,,

where a,, : X,, X X;, — R is defined by

an(unavn) = (Vnuru ann) - / {vnun} ' H’Un]]ds

n

- r/ {Vavn} - [un]ds — sp(un,vy) for u,,, v, € X,,
Fn
where V,, is the element-wise gradient operator. The stabilization form s,, (-, -) is defined as

sultnon) = [ by unllonlds,

F’VL
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for v > 0 independent of the mesh size. In particular, one obtains the symmetric interior
penalty (SIP) method by setting » = 1, the non-symmetric interior penalty (NIP) method by
setting r = —1, and the incomplete interior penalty (IIP) by setting » = 0.

The finite element space X, can be endowed with a second norm ||-||,,:

”Uan = ”vnvn” + ||h71/2[[71n]]||§-‘n~
For f € H}(D) or f € X,,, the Poincaré inequality holds (Property 1 in [1])

4.7) 11 < Cllifllns

where C' is a constant depending on D but not on the mesh.

For ~ large enough, it is well-known that there exists a unique solution u,, to (4.6). Denote
the discrete solution operator by T, : X,, = X,,. Let T, — T, and let ||z,,|| < C (n € N).
Since T;,’s are uniformly bounded as operators from (X, ||||) to (Xn, |||ln)s {IITnZn|ln tnen
is uniformly bounded. Due to Theorem 5.7 in [12], there exists a convergent subsequence
T, %y, in the L2-norm. Thus, T,, — T compactly.

According to Property 2 in [1], for the discrete solution w,, to (4.6) and the exact solution
u to (4.2), it holds that

lu—unlln < ChE|If for f € L*(D).
Using the Poincaré inequality (4.7), for f € L?(D), one has that
[Topnf = puT | = llun — poull < flun —ull < flun = ulln < CR[|f]].

THEOREM 4.5. Let A € o(F'). There exists ng € N and a sequence \,, € o(F,), n > ny,
such that A, — X as n — oo. For any sequence )\, € o(F),) with this convergence property

and the associated eigenfunction un, ||u,|| = 1, one has that
4.8) [An = A < Chyy and  ||uy, — ul| < ChY,
where u is some eigenfunction associated to A with ||u|| = 1.

Proof. Since T,, — T compactly, F,(n) converges to F(n) regularly due to Lemma 3.4.
Then (4.8) follows from Theorem 3.5. a

REMARK 4.6. For the symmetric DG method, that is, when » = 1 in (4.6), the conver-
gence order in Theorem 4.5 can be improved using the duality argument.

4.3. The nonconforming Crouzeix-Raviart method. We consider the nonconforming
piecewise linear finite element space of Crouzeix-Raviart [6]:

X, = {v:v|g € P*(K) is continuous at the midpoints of the edges of K
and v = 0 at the midpoints on 9D},

where P! (K) denotes the space of polynomials on K of degree less or equal to 1.
Define the bilinear form on X,

an(unavn) = (vnuru vnvn); Up,Un € Xn
The discrete problem is to find u,, € X,, such that

4.9) A (Uny Vn) = (fr, 0n) for all v,, € X,,,
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where f,, = p,f. There exists a unique solution u,, to (4.9). Denote the discrete solution
operator to be T, : X,, — X,, such that

Using the error estimate in the L2-norm (Theorem 1.5 of Ch. IIl in [6]) and the property of the
L?-projection, one has that

lpnTf = Tapn fIl < CR**[|£]],

which implies T,, — 7" uniformly.

Using Theorem 3.5, we obtain the convergence of the non-conforming Crouzeix-Raviart
method. The proof is similar to the previous ones and thus omitted.

THEOREM 4.7. Let A € o(F'). There exists ng € N and a sequence \,, € o(Fy,), n > ny,
such that \,, — X as n — oo. For any sequence \,, € o(F,,) with this convergence property
and the associated eigenfunction u,, ||u,| = 1, one has that

Ao — A < CR2* and  ||u, — u|| < Ch2®,

where u is some eigenfunction associated to \ with ||u|| = 1.

REMARK 4.8. The Crouzeix-Raviart element is non-conforming in the sense that the finite
element space is not a subspace of H} (D), which is the solution space for (4.2). Note here,
however, that we use the space L?(D) instead of HJ (D) so that the discrete space becomes
a subspace. A similar comment applies to the Morley element method for the biharmonic
eigenvalue problem in the next section.

5. The biharmonic eigenvalue problem. We now consider the biharmonic eigenvalue
problem. Let D denote a bounded Lipschitz polygonal domain in R? with boundary 8D. Let
v denote the unit outward normal to dD. The biharmonic eigenvalue problem with clamped
plate boundary condition is to find A € R and u # 0 such that

A%y = M in D,
5.1
u= % =0 on OD.
ov

The associated source problem is as follows. Given a function f, find a function u such that

AQ'U, = f in .D,
5.2)
u= % =0 on 0D.
ov

Define

HZ(D) := {v € H*(D) : v = % =0on 8D}

and a bilinear form a : H3(D) x HZ(D) such that
a(u,v) = (Au, Av).
The weak formulation of (5.2) is, for f € L?(D), to find u € HZ(D) such that

a(u,v) = (f,v) for allv € H3 (D).
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The weak formulation of (5.1) is to find A € R and u € HZ(D),u # 0, such that
(5.3) a(u,v) = A u,v) forallv € HZ(D).

There exists a unique solution u to (5.3) belonging to H2+%(D) for some o € (1/2,1] such
that

lull gr2+e 0y < OIS

where the constant C' depends only on D. When D is convex, & = 1. The parameter « is
referred to as the index of elliptic regularity for the biharmonic equation.

Consequently, there exists a solution operator T’ : L?(D) — L?(D) such that, given
f € L*(D),

a(Tf,v) = (f,v)  forallv e HF(D).

It is obvious that T is self-adjoint due to the symmetry of a(-,-) and compact due to the
compact embedding of HZ(D) into L?(D).

5.1. The Argyris element method. We consider the Argyris element (see, e.g., [24,
Section 4.2]), which is H?2-conforming for triangular meshes Th,, - Denote the associated finite
element space by X,,. The discrete problem for the source problem (5.2) can be stated as
follows. For f € L%(D), find u,, € X,, C HZ(D) such that

(5.4) a(Un, V) = (Pnf,vn) for all v,, € X,.
There exists a unique solution u,, to (5.4) such that
(5.5) lw = unl2(p) < Chy |l f]-

The discrete formulation for the eigenvalue problem (5.1) is to find A\,, € R and u,, € X,,,
up, # 0, such that

a(Up, vn) = Ap(Un, vp) for all v,, € X,,.
Using a duality argument (Ch. II of [6]) and (5.5), one has that
lu = unll < CH*| f]-
Consequently, the discrete solution operator T}, : X,, — X, is such that
1 Tupnf = puTf| < CHEENfIl - for f € LX(D).

Since X,, C H3(D),n € N, and the embedding of HZ (D) into X is compact, one has that
T,, — T compactly due to Lemma 3.2.

Let F'(-) and F,,(-) be defined as in (3.2) and (3.4), respectively, and F,, — F regularly.
Using a similar argument as for the Dirichlet eigenvalue problem, we obtain the following
convergence theorem of the Argyris element method for the biharmonic eigenvalue problem.

THEOREM 5.1. Let A € o(F'). There exists ng € N and a sequence \,, € o(F,), n > ny,
such that A, = X as n — oo. For any sequence )\, € o(F},) with this convergence property
and the associated eigenfunction un, ||u,|| = 1, one has that

A — Al < CR2Y  and  |juy, — ul| < Ch2®,

where u is some eigenfunction associated to A with ||u|| = 1.
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5.2. The C" interior penalty discontinuous Galerkin method. We consider the C°
interior penalty discontinuous Galerkin method (C° IPG) for the biharmonic equation [8]; see
also [27] using the holomorphic operator approach but for a different proof. Let X,, C H'(£2)
be the Lagrange finite element space of order k > 2 associated with 7, . Let &, be the set
of the edges in 7},,,. For edges e € &, that are the common edge of two adjacent triangles
K1 €Ty, and for v € X,,, we define the jump of the flux to be

vy

e 5)ne

P
[0v/0n.] = ;:+

€

)
e
where n. is the unit normal pointing from K _ to K. Let

0%v

on2 =n. - (Av)n,

and define the average normal-normal derivative to be
0%v 1 82UK+ n 82'01(_
on2ff 2\ on2 on2 |’
For e C 0D, we take n. to be the unit outward normal and define

Ov 0% 0%

Given f,, € X,,, fn = pnf, the corresponding C° IPG method for the source problem is
to find u;, € X,, such that

(5.6) A (Uny Un) = (fr, 0n) forall v € X,,,

where

an(w,v) = Z D?*w : D*vdx

T

s allon] o] &

. 2 3 2 o 2 . . .
In the above equation, D“w : D*v = Zi. j=1 Waya; Voo 1S the Frobenius inner product of

the Hessian matrices of w and v, and o > 0 is a (sufficiently large) penalty parameter. There
exist discrete solution operators 7;, : X,, — X, to (5.6) such thatT,, — T.

The C° IPG method for the biharmonic eigenvalue problem is to find A, € R and u,, # 0
such that

5.7) (U, V) = Ap (U, V) for all v,, € X,,.

Let X' = H{(D). Since the T, : X,, — X',n € N, are uniformly bounded, due to
the compact embedding of X’ into X and Lemma 3.2, T,, — T compactly. Lemma 2.9
implies that F;,, — F regularly. Then the following convergence theorem holds for the C°
IPG method.
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THEOREM 5.2. Let A € o(F). There exists ng € N and a sequence A\, € o(F,), n > ny,
such that \,, — X as n — oo. For any sequence \,, € o(F,) with this convergence property
and the associated eigenfunction un, ||u,|| = 1, one has that

Ay — A < CR2Y and  |ju, — ul| < Ch2®,

where u is some eigenfunction associated to A with ||u|| = 1.
Proof. Due to Lemma 1 in [8], there exists a unique discrete solution u,, to (5.7) such that

lu—unl| < CR2|f| - for f € L*(D).
One has that
[ Topnf —paTf| < CRE|fIl - for f € L*(D).
Then Theorem 3.5 applies. a

5.3. The Morley element method. We consider the Morley element space X,,. Let p,,
be the L2-projection from X onto X,,. For f € X, the Morley finite element method for the
biharmonic equation is to find u,, € X,, such that

(5.8) A, (Un, Vp) = (Pnf,0n) for all v,, € X,,,

where

A, (U, Upy) 1= Z / D?u,, : D*v,dK, un,v, € Xy.
KeT, 'K
There exists a unique solution w,, € X,, such that (see, e.g., [24, Section 4.4.2])
(5.9 [u = unll2,n, < Chyllf],
where the mesh-dependent norm ||-||2,,, is defined as

2,h, = Z (u, U)H?(K)~

KeT,

[l

due

n?

Let T,, : X,, — X, be the discrete solution operator to (5.8). Since ||u|| < ||ul|2,n
to (5.9), it holds that

[u—un| < Chy[If].
As a consequence, one has that
|Topnf —puTf| < ChyllfIl  for f € X.

We have the following convergence theorem for the Morley element method.

THEOREM 5.3. Let A € o(F). There exists ng € N and a sequence \,, € o(F,,), n > ny,
such that \,, — X as n — oo. For any sequence \,, € o(F,,) with this convergence property
and the associated eigenfunction u,, ||u,|| = 1, one has that

A = A < ChS and  ||uy, — ul| < ChS,

where u is some eigenfunction associated to A with ||u|| = 1.

REMARK 5.4. We would like to use this example to illustrate that when an order of
convergence is available for the source problem, the same order of convergence holds for the
eigenvalue problem. The convergence order can be improved using a sharper error estimate in
the L2-norm; see, e.g., [13].
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6. Conclusions and future work. In this paper, we present a general approach to
prove convergence of various finite element methods for eigenvalue problems, including the
conforming methods, discontinuous Galerkin methods, and non-conforming methods. Using
the abstract approximation theory for eigenvalue problems of holomorphic Fredholm operator
functions, one needs to verify the compact convergence of the discrete solution operators.
The result has the potential to prove convergence of many other finite element methods for
eigenvalue problems such as the mixed finite element methods, virtual element methods, and
weak Galerkin methods.

We use the space L?(D) and the L?-projection for the finite element spaces. Thus, the
convergence of the eigenfunctions is also in the L2-norm. However, this framework also works
if one chooses other spaces and projections, for example, H'(D) and H!-projections for the
finite element spaces for the Dirichlet eigenvalue problem. Then one can obtain convergence
of the eigenfunctions in the H*-norm.

As seen above, the convergence order obtained using Theorem 3.5 for certain methods is
not optimal. However, if the optimal convergence order for the source problem is available in
the L2-norm, then the optimal convergence order for the eigenfunctions follows immediately.
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