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AN EVOLUTIONARY APPROACH TO THE COEFFICIENT PROBLEMS
IN THE CLASS OF STARLIKE FUNCTIONS*

PIOTR JASTRZEBSKIT AND ADAM LECKO'

Abstract. In this paper, we apply the differential evolution algorithm as a new approach to solve some coefficient
problems within Geometric Function Theory. We find sharp bounds for the determinant of the Hankel matrix Hy 1 (f)
and the determinants of all its sub-matrices for the class of starlike functions, i.e., for the class of all analytic injective
functions f in the unit disk D := {z € C : |z| < 1} normalized by f(0) = f/(0) — 1 = 0 such that f(D) is a
starlike set with respect to the origin. In addition, a relevant conjecture regarding some coefficient functionals related
to the Zalcman functional is formulated.
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1. Introduction. The differential evolution algorithm is a very powerful and effective
numerical computation technique used in many branches of mathematics as well as in applied
sciences. In this paper we illustrate the application of this algorithm to coefficient problems in
Geometric Function Theory (GFT). A solution to the open problem of finding sharp estimates
for the fourth-degree Hankel determinant in one of the most important classes in GFT, namely
the class of starlike functions, is presented. As we will further justify, the differential evolution
method can be treated as an auxiliary tool for solving coefficient problems within GFT.

The fundamental subclasses of the class Hol(ID) of all analytic functions in the unit disk
D :={z € C: |z| < 1} that underlies Geometric Function Theory (GFT) is the class .A of all
analytic normalized functions f, i.e., functions of the form

(1.1) flz) = Zanz”, a;:=1, zeD,
n=1

and its subclass S of univalent (analytic and injective) functions. Apart from the class S
itself, its subclasses, distinguished by established geometrical properties of plane sets, are of
fundamental importance in the theory. Historically they are: the class of convex functions S¢
introduced by Study [42] in 1913, the class of starlike functions S$* defined by Alexander [1],
the class of spirallike functions introduced by Spagek [40], the class of functions convex in the
direction of the imaginary axis defined by Robertson [37] in 1936, and others (cf. [13, 16]).
Since this paper deals with starlike functions, we recall their definition. A function f : D — C
is called starlike with respect to the origin, shortly starlike, if f € S and f(DD) is a starlike set,
i.e., the line segment [0, w] := {tw : 0 <t < 1} liesin f(D) for every w € f(D). The family
of such functions is denoted by S*.

Due to the representation (1.1) of functions from the class S and thus also from each
of its subclasses, issues related to the properties of their coefficients are crucial to describe
the analytical properties of the studied classes. For k € Z, let Zy := {n € Z : n > k}.
Particularly, N = Z;. In 1916, Bieberbach [4] formulated the famous conjecture, namely that
the sharp inequality |a,,| < n holds for every n € Zy and every function in the class S and
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that equality holds for the Koebe function K € S defined as
e (o)
(1.2) K(z) ;:m=z+;nzn, zeD,

and its rotations. Bieberbach confirmed that his conjecture is true for the second coefficient.
The search for a proof of the Bieberbach conjecture resulted in the development of many
advanced research techniques such as the development of variational methods in complex
analysis or the creation of the Loewner chain theory [31]. The final proof of this conjecture
was given by de Branges in 1985 [12].

Regardless of the whole class S, the problem of estimating the coefficients was transferred
to the aforementioned subclasses in S. For starlike functions, which are the subject of this
paper, the Bieberbach problem was solved by Nevanlinna [33] already in 1921, who proved
that |a,,| < n holds for every n € Z, and every function in the class S*, with the Koebe
function (1.2) and its rotations being extremal. However, the same estimate for the coefficients,
both in the class of starlike functions &*, which is a proper subclass of the class S, and
in the whole class S, with the same extremal function, does not distinguish between the
class S and its subclass S*. Therefore, it is natural to consider more complicated coefficient
functionals giving a deeper knowledge of the class S and its subclasses. Historically, one
of the first is the Fekete-Szeg6 functional introduced in 1933 [15], i.e., given A € [0, 1], let
S5 f > @\(f) := az — A\a3. Only in the case of A = 0 and A = 1, the upper bound for
|@x(f)| is the same in both classes S and S* (see, e.g., [19] for further references).

In the 60s, coefficient functionals were first considered as determinants of the Hankel
matrices H, ,,(f) defined as follows: for ¢,n € Nand f € A of the form (1.1), let

QA ap+1 .- Ap+qg—1
An+41 Ap+2 N An+q
Hq,n(f) =
An+qg—1 GOp+tq --- Ani2(g—1)

General results for Hankel determinants H,, ,,(f) with applications can be found, e.g., in [7,
34, 35, 39].

Hankel matrices have remarkable applications in many areas of mathematics as well as
in applied sciences. One such example is the method of moments in statistics, one of the
methods for the estimation of population parameters. The method of moments applied to
polynomial distributions produces a system of equations, whose solution involves the inversion
of a Hankel matrix, i.e., # = H'E, where 0 is a vector of unknown weights (coefficients
of a polynomial distributions), E a vector of sample moments, and H is a Hankel matrix.
Hankel matrices appear in the theory of Markov processes, which have important applications
in physics, chemistry, economics, bioinformatics, signal processing, information theory, and
many others. Let us also mention that the Hamburger moment problem has a solution if and
only if the Hankel kernel, which is an infinite Hankel matrix H with entries being nonnegative
integers (mg, m1, ... ), is positive definite; as a conclusion this means that the entries my, are
statistical moments. Among other things, for these reasons, the study of Hankel matrices in
GFT is an important and at the same time a difficult problem. The estimation of the Hankel
determinant of H, ,(f), particularly of the determinant of H, ;(f), for subclasses in the
class S has been developed intensively in the last 20 years (e.g., [8, 9] and [36] with further
references).

In the early 70s, Zalcman considered the functional S > f + J,,(f) := az,_1 — a2, for

n?

n € Zg, over the class S. He posed the famous conjecture that if f € S and is given by (1.1),
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then |J,,(f)| < (n — 1)2 for n € Zs, with equality for the Koebe function and its rotations.
This conjecture was confirmed by Krushkal for n = 3 [23] and for n = 4, 5, 6 [24]. The case
n = 2 was shown by Bieberbach [4] (e.g., [16, Vol. I, p. 35]). Zalcman’s conjecture remains
open for n € Zy. For the class of starlike functions, the Zalcman conjecture has been proved
in [5].

In 1999 Ma [32] generalized the Zalcman functional as follows:

S35 f = Jnn(f) = amin-1— Gnam, form,n € Z».
He conjectured that if f € S, then for m,n € Zo,

|Jm,n(f)| < (m - 1)(” - 1)7

with equality for the Koebe function and its rotations, and he confirmed the conjecture for
functions in the class S* and the subclass Sg of S of functions having real coefficients. For
further results and references on the generalized Zalcman functional, see, e.g., [10, 14].

We now note that both the Zalcman functional J,, and the generalized Zalcman functional
Jim,n are determinants of sub-matrices of every Hankel matrix H, 1(f) with ¢ > max{m,n}.
Namely,

_ ai Qn,
Jn(f) N Gp  A2n—1
and
ay a
Jmm(f) = - am;;il

For this reason it is natural to introduce the following functional: for k € N, m,n € Zj1, let

ag a
A3 [ Jpnk(f) = ag@msn—k — anay = "

(0799 Am+n—k

Due to the results of Section 3, we formulate the following conjecture:
[Jmm k(N < (m—Fk)(n—k), [feS,

with equality for the Koebe function and its rotation. We think that this conjecture is meaningful
and true for the whole class S.

The problem of finding sharp estimates for the Hankel determinants is in general tech-
nically difficult. The applied computing methods are able to find such estimates for the
determinant det Ha 2(f) = agasq — a?,, on many known subclasses in the class A, in particular
in the subclasses of S. It is much more difficult to find sharp bounds for the third-order determi-
nant det Hs 1 (f) in known classes of analytic functions. Such a sharp estimate was obtained
for the class of convex functions S in [21], where it was shown that | det Hs 1 (f)| < 4/135;
for the class of starlike functions of order 1/2 in [29]; it was shown that | det H3 1(f)] < 1/9
for the classes 7 (0) and 7(1/2) in [20]. Here, given « € [0, 1), the class 7 («) consists of
all f € A such that Re f(z)/z > « for z € D. For the class of starlike functions S* being
of interest in this paper, the sharp inequality |det Hs 1(f)| < 4/9 was shown in a recent
paper [22].

Taking into account the methods used to estimate the Hankel determinants of second and
third-order, the problem of finding a sharp estimate for the Hankel determinant det Hy 1(f) in
selected subclasses of S is extremely difficult. It is not a problem to find some estimate, but
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the difficulty is to arrive at a sharp one. The authors do not know any such sharp result for
determinants of Hy ; (f) for basic subclasses of univalent functions. Since both the Zalcman
functional and the generalized Zalcman functional are defined by sub-matrices in H, 1 (f), it
is natural to consider all square sub-matrices of Hy 1(f).

For this reason, the main goal of this paper is to propose the evolutionary approach to
estimate the determinants of such matrices as a fresh computational idea in GFT. We estimate
the determinant of the Hankel matrix Hy 1 (f) and determinants of all its square sub-matrices
in the class S*. Taking into account the obtained upper bounds by applying the evolutionary
approach, a relevant general conjecture about the functional .J,,, ,, j, defined here is formulated.

At the end let us emphasize that the differential evolution method can be treated as an
auxiliary tool for analyzing similar problems within GFT.

2. Preliminaries. The class S* of starlike functions studied in this paper was introduced
by Alexander in 1915 [1], where he also formulated their analytic characterization, which in
detail was elaborated by Nevanlinna [33] (e.g., [13, p. 41]). A different concept of deriving the
analytic formula for starlike functions was demonstrated in [27, 28]. In [30] the authors provide
an alternative, unified, and self-contained proof of the theorem below due to Alexander [1],
which, by the way, may be adopted in more general geometrical concepts.

THEOREM 2.1. For every f € A, the following equivalence holds: f € S* if and only if

2f'(2)
f(2)

Denote by P the subclass of Hol(ID) of all analytic functions p having a positive real part
on D given by

@2.1) Re >0, zeD\{0}.

(2.2) p(z) =1+ Z cn 2", z e D.
n=1

It is well known ([6], cf. [16, Vol. I, p. 80]) that for every p € P of the form (2.2), the
following sharp estimate holds true:

(2.3) leal <2, neN.

Now we define the m-th coefficient region C,, (P).
DEFINITION 2.2. Form € N, let

Con(P) = {(cl, cvem) €C™ Fep p = p(0) /R, k = 1,...,m}.

Givenr > 0,letD, := {z € C: |z| < r}.Forevery m € N, C,,,(P) is a compact convex
setin C™ (e.g., [17, p. 162, Corollary 9.11]). From (2.3) it follows also that C,,,(P) C ﬁ;n.

Let H := (Hol(D), T) be the topological space where 7 is the topology of uniform
convergence on compact subsets of D. Let F be a compact subset of Hol(ID) in the space H.
Recall that a function f € Hol(ID) is called the support point of F if f € F and there exists a
linear functional A on Hol(ID) such that Re A is non-constant on F and

Re A(f) = max{Re A(g) : g € F}.

The set of all support points of F is denoted as supp F.
Given m € N, let P, denote the set of all functions of the form

(24) p(z) = Z ML (zjz), zeD,
j=1
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where the z; are distinct points of T := {z € C : |z| = 1}, the parameters A\; > 0, for
j =1,...,m, are such that

2.5) Z A =1,

Jj=1

and L € P is defined as

|
2.6) L(z) = 1f§

(oo}
:1—|—22:z"7 z € D.
n=1

Clearly, P,, C P for all m € N. It is well known (e.g., [17, p. 94]) that

supp P = U Pn-

meN

The theorem below, which can be found in [38, Theorem C] is the basis for further considera-
tions. As the author remarked, this theorem is equivalent to Theorem B shown by Hummel
in [18].

THEOREM 2.3. Letm € Nand @ : C,,(P) — C be a continuous function, analytic
in the interior of C,,(P). If a function p € P maximizes Re ® on C,,(P), then p is of the
form (2.4), ie., p € Pp,.

From (2.4) and (2.6), the next lemma follows:

LEMMA 2.4. Let m € N. For p € Py, of the form (2.2), it holds that

2.7) e = 22@7, neN,
j=1
where the x; are distinct points of T and \; > 0, for j = 1,...,m, satisfy (2.5).

3. Differential evolution. Evolutionary algorithms are among the best general meth-
ods for optimization. Differential evolution is based on population evolution. It has four
components:

e initialization,

e mutation,

® Crossover,

e selection.
Without loss of generality, we consider minimization problems for a function f : R” +— R,
D € Z,, (maximization can be performed by considering the function h = — f instead). The
main goal of the algorithm is to find a global minimum of f on some set (for simplicity we
will assume it to be a D-dimensional cube).

At the beginning we set 3 parameters: CR € [0,1], F' € [0,2], NP € Zs. The set Gis a
population—a set of N P randomly chosen vectors from the domain of the function f. Next,

for each vector x = [z1,...,2p| from G, we perform the following operations:
e we randomly choose three vectors a = [ay,...,apl, b = [b1,...,bp], and
c=[c1,...,cp] € G different in pairs and different from x,
e we randomly choose an integer R from the set {1,2,..., D},
e we define the vectory = [y1, ..., yp] as follows:

— we choose the number r; at random according to the normal distribution N (0, 1),
fori e {1,...,D},
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- ifr; < CRori = R, then we set y; = a; + F(b; — ¢;); otherwise we set

Yi = Ti,
e if y belongs to the domain of function f and f(y) < f(x), then we substitute
y =X

The algorithm was introduced by Storn and Price in 1996 [41]. The choice of the
parameters has a big impact on the speed of optimization. Mathematical correctness has been
considered in [11, 43].

4. Application of differential evolution to starlike functions. For further consideration
let us fix some notation. Let M be a square matrix of order n € Zy. Given 1 < k < n and
1 <iy <ig <--- <ig <n,by M /* we denote a sub-matrix of M by removing k rows
and k£ columns numbered i1, ... ,%; and j1, ..., jg, respectively. Since our interest is related

to the matrix Hy 1 (f), to simplify the notation, set

M = M(f) = H471(f).

For € Rand f € A, let fy(2) := e ¥ f(el2), 2 € D, denote a rotation of f. By (1.1) we
have

fo(z) = Z ape! 10 ap =1, zeD.
n=1

Observe now that
det M(fs) = det Hy 1 (fs) = "% det Hy 1 (f).

Therefore the estimation of | det Hy 1(f)| after suitable rotation of f is equivalent to the
estimation of Re(det Hy,1(f)). A similar property holds for the determinant of each square
sub-matrix of Hy4 1 (f). For this reason, to compute an upper bound for the modulus of the
determinants of Hy 1(f) and of its square sub-matrices, we apply Theorem 2.3.

Let f € &* be of the form (1.1). Then by (2.1) there exists a function p € P of the
form (2.2) such that

4.1) 2f'(z) =p(2)f(z), ze€D.

Substituting the series (1.1) and (2.2) into (4.1) and by comparing the corresponding coeffi-
cients we obtain

n—1
na, = a, + E Cn—kQk, neN, a =1
k=1
Hence we get
ag = C1,
2
c c
1 2
as = — + —
2 2’
(& C1C2 C3
4= —+ —F+—,
6 2 3
2
Cq C1C2 C1C3 Cy Cy
as=—+—+—+ =+ —,
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Observe that each function @y, k = 1,...,31, below is continuous on C,,(P) and
analytic in the interior of C,,,(P) with the corresponding m. Therefore by Theorem 2.3 our
computation in each case is restricted to functions p in P,,, hence, to the functions (2.4)
having coefficients c,, of the form (2.7). When applying the evolutionary algorithm, we use
z; =e%, withf; e Rforj=1,...,m.

4.1. Results of the evolutionary algorithm. Here the symbol = denotes the numerical
approximation (not rounding).

(1) a; =1
() as =c1 =: P1(c1)
max |az| &~ 1.9999999999635196

2 ¢
3) ag =2+ 2 = PDy(c1,c2)

2 2
max |az| ~ 2.999999999966037
3
4 ay = %1 + 01202 + %3 =: ®3(c1, c2,¢3)

max |as| =~ 3.9999999999802265

ﬁ C% Co C1C3 C% Cq

= =4+ —=9

S as = 5 1 3 s T2 a(c1,e2,¢3,¢4)

max |as| ~ 4.9999999999790745

C5 C3 C2 6203 C1 02 C1C4 Ca2C3 Cs

6 _ G ae  acs  a%g  aa a6 6 _ 4
(6) ag 120+ o T 6 + 3 t— 5 + 5 5(c1, 2,3, ¢4, C5)

max |ag| =~ 5.999999999994299

4y = 07(13 + 041102 + C?Cg C%C% 0%04 C1C2C3 C1Cs
) 720 48 18 16 8 6 5
Cg CoCy Cg Ce
+=+—+ =+ = ¢6(Cl7627c37c4705706)

48 8 18 6
max |ar| &~ 6.9999999996337685

62 C
(8) det M3§ = det Ho 1 (f) = Jo(f) = a3 — a3 = —51 + 52 =: $r(cy, c2)
max ’det M;‘;j’ — max |det Ho, 1 (f)] ~ 0.9999999224498696
2,4 0:15 C3
9 det M3’y = Jo3(f) = as — azaz = -3 + 3= Pg(c1,c2,c3)
max ’det M;’f’ ~ 1.9999999997271551
4 2 2
2,3 _ __4a_ 6. &6 <«
(10) det M3’4 = J2’4(f) = a5 a4 3 74 + S + 4
=: ®g(c1, c2, 3, ¢4)
max ’det Mi’j" ~ 2.999999999995327
5¢4  2e cic 2 e
det M24 — _ .2 __ 20 ti% 13 %2 “
ap ety =Js(f) =as —ay = —op - T 4 = o

=: P19(c1, c2,¢3,Ca)

max ’det M| ~ 3.9999999937369553
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30 CiC2 C1C C1C4 Cs
A [2,3 7 1C2 1

=: Py1(c1, c2,¢3,Ca,C5)

max ‘det Mg;jj ~ 5.999999995128978

Ja(f) = ar — af
19¢§  Tejea  cles 3c3c3 ey cicacs
720 48 18 16 8 6
Ci1Cs C% CoCy C3 Cg

) 48 8 18 6

= gzj12(01, 02703304705706)

max ‘det M§;§’ ~ 8.999999999949889

det M35

1,4 9 ct  cies 2
det My = Ha2(f) = J33.2(f) = azaq — a3 = nt3 71

=: @y3(c1,c2,¢3)
max ‘det Mf;;" ~ 0.999999913584528

det Mi’f = J3,472(f) = 205 — A304

C? C‘;’CQ C%Cg C1 C% C1C4 Ca2C3

24 12 6 8 4 6
= ¢14(Cla 62763764)
max ‘det Mf;;" ~ 1.9999999999537437
det M7} = Js52(f) = azas — azas
_ﬁ B cieo B 23 3ey  cres G Oty
80 16 16 8 5 16 8

=: @15(c1, ¢2,03,C4,C5)
max ‘det Mf;j’ ~ 2.9999999999997455

2,4
det My = Jya2(f) = azas — a2

__Td _de de _dg  da _aas  acs &G
360 12 18 8 4 6 5 9

=: P16(c1, 2,3, ¢4, C5)
max ‘det Mf;;’ ~ 3.9999999995765996

det Mi’g = J4,572(f) = Q207 — Q405

= @17(61; 62763764765766)

max |det M7 ~ 5.999999999994852
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3,4
det Myy = Jya3(f) = azas — aj

0(1S CzlL C2 C% C3 C% C% C% Cq C1C2C3
144 48 18 16 8 6
R
678 9

=: ®y3(c1, ¢z, €3, ¢4, C5,Co)
max ‘det Mf;;*) ~ 0.9999999497375464

2,4
det My)y = Ju53(f) = azas — asas

7 5 4 3.2 3 2 2
cl cica Cic3  cijc3  Ccjcqa cjcacs  cics

360 60 72 24 12 12 10
C1 C% C% C3 CoCs C3Cy

9 24 10 12

=: Pyg(c1, ¢, 3,4, C5)

max ‘det Mf;;*’ ~ 1.9999999999408111

Jas3(f) = asar — asae

C? C?CQ C“;’Cg C%C% 041184 6?0263
1440 144 360 48 48 36
3 2.3 2.2 2 2
cicC cic cic CiC C1C5C,
155 1%2 1%3 166 16263
i e e

15 48 36 12 24

C1C3Cq C% C% Cq (6] C% C2Cq C3Cs

12 96 ' 16 36 12 15

=: Pyo(c1, ¢z, 3,4, C5, Co)

max ‘det Mf;g’ ~ 2.9999999997966227

& clea ey A

deth:detHgJ(f) =4 — 4 — — —=

144 48 18 16
0%64 C1C2C3 CS’ CoCy . ﬁ
9

8 6 6 8

= ¢21(Cla C2,C3, C4)
max |det M| = max [det Hs 1 (f)| &~ 0.44444444442415865

7 5 4 3.2 3 2 2
(&1 CiC2 CiC3 C1Cy CiCyq Ci1C2C3 CiCs

240 240 24 48 24 12 10
C1 Cg C1C2Cy C% C3 CoCs C3Cy

16 8 24 10 12

= ¢22(Cla C2,C3,Cy, 65)
max |det M | ~ 0.42427115980329017

8 4.2 3 2
(&1 CciC3 C1Cy CiCs CiC2Cyq
960 60 96 15 8
C1C5C3 C% C3Cs CZ

12 64 15 16

= @23(617 C2,C3,C4, 65)
max |det M2| ~ 0.3699523786405721
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det M4 — — cgf c‘fc;), B c‘;’cg B 0‘1105 0?0204 B c%cgc;g clc;L
! 8640 360 480 60 24 24 64
(25) cicscs c?l C§C5 C2C3Cy cg
15 16 20 12 27

=: Poy(c1, €2, €3, Ca, C5)

max |det M| ~ 0.296882841261676

det M = — It _ c{ﬁ 7cSes _ @ C?ﬂ cjeacs _ c‘fj _ @
1728 720 720 160 120 144 24 144
+ 6?6264 _ C%ﬁ _ C%C%Cg 6%0265 + 6%6304 @ _ clcgcg
(26) 12 18 16 20 24 64 18
C1C3Cs clci 0303 0565 C2C3Cy C% C3Cq C4Cs
15 16 144 40 24 54 18 20

= @25(01702703764, Cs, CG)

max |det M | ~ 0.6546327601175532

1 1ei® oo cleg T8 Tley  Tcies  cies  cleacy

det M2 = - ac - _ae
86400 1920 360 2880 1440 600 576 32
_ C%C% _ 50‘1106 _ C‘;’C%Cg 0?6205 6%0304 C%Cg
144 144 72 20 36 384
_ 0%6304 _ C%CQC% _ 0%6206 6%0365 _ C%Ci 610363
27) 32 24 24 15 32 36
2 3 5 3 2.2
+ C1C5Cs _ C1C3 C1C3Cg _ C1C4Cs _ 072 _ CoCy C5C3
40 54 18 20 384 96 144

_ C%CG CQCZ . C§C4 CyqCgq _ ﬁ

48 32 72 24 25
=: $yg(c1, €2, 3, C4, C5, C6)

max |det MZ| ~ 0.5881062366350213

dot M21 _ cit _ clea cSes - clc3 cley - 7cScs - chcs
86400 17280 2880 2880 = 1440 3600 2880
cieacy c?c?,) cicg  cicdes  cjeacs  ciezes ek
160 720 144 288 80 144 ' 1152
cic3ey  ceacd  cfeacg  Clezes ek cAcdes  cAc3es
96 72 72 * 45 96 72 80
(28) C%cg 0%0306 0%6405 clcg 010304 clc§c§ 010306
108 36 40 384 96 144 48
+ 010203 _ 010?))04 + C1C4Cq _ ﬁ + Cgﬁ C%ﬁ
32 72 24 25 576 80
C%C3C4 Cgcg C2C3Cq CoCyCs C%C5 03031
48 108 36 40 45 48

=: y7(c1, €2, €3, Ca, C5, C6)

max |det M | ~ 0.2952099828856822
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dot Mg’ _ 7c} - c(fﬁ C?ﬁ _ @ ceacs
2880 360 36 96 18
0?05 c%c% 0%0264 c?cg c%ca
(29) 10 24 8 36 12
C1 C% C3 C1C2C5 Cg C2 Cg C2Cg CZ
12 10 192 36 @ 12 16

=: Pog(c1, €2, 3, Ca, C5, C6)

max |det M5 | ~ 0.744687558245012

17280 5760 720 960 720 720 120 976
04116204 C%CG C%C%Cg 6?0205 C:{)6304 C%Cg
T T T s e 72 128
C%CQC% 6%0365 C%Ci 616363 616365 C1C2C3Cy
(30) 36 30 32 | 144 40 24
C1 C% C1C3Cq C1C4C5 Cg C% Cg CoC3Cs
54 18 20 384 24 30
CQC?L C§C4
32 36

=: (1529(01,C27C37C47 Cs, CG)

max |det My | ~ 0.31740723754842565

det M11 _ ci? B ci0cy cles _ 2 ey _ CZC5 _ e
1036800 172800 ' 25920 23040 ' 11520 3600 17280
6?6264 C?Cg C?Cﬁ C?C%Cg 8?0265 6?6304 04116421
960 4320 864 1440 400 720 ' 4608
64116364 C%CQC% 64116206 0%6365 C%CZ 6?6363 C§C§C5
384 288 288 180 384 ' 216 240
c‘[fcg c3ezeq Cieqes C%cg c3cdey c%c%c% 0%0506
324 108 120 768 192 288 96
(€25 cAeacd ey cleges AR ciches  acies
64 144 48 50 ' 576 80
01630364 016203 C1C2C3Cq C1C2C4C5 610:%65 016303
48 108 36 40 45 48
S caca ek c3cg  c3escs  c3ed cackes
1536 768 ' 864 = 96 60 128 48
C2CyCq Co Cg Cé C% Ce C3C4Cs Ci
48 50 162 54 30 64

=: $30(c1, c2, 3, C4, C5, C6)

max |det M | ~ 0.24689140987222155
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det M = det Hy 1(f)

12 10 9 8 .2 8 7 6.3
ci ci C2 cics ey cicy ciCs cics

T 7036800 172800 25920 ' 23040 ' 11520 ' 3600 17280
0?6264 C?C% C?CG C‘?CgCg 6?0205 0?6364 C%C%

960 ' 4320 864 = 1440 400 720 4608

6%6364 C%CQC% 6%6206 64116305 C%Ci C‘%C%Cg C‘%C%Qg
384 288 288 180 ' 384 216 240
n % n clesce B cleqcs B c3ch n ey B cicic3

32) 322% 1028 ] 12202 76% 1922 ] 2884

C1C3Ce ~ C1CaCy  CC3C4  CiC4C  CiCy  C1CC3
96 64 144 48 50 576
+ 610305 B 01630304 + 616203 + C1C2C3Cgq _ C1C2C4C5 _ 610305

80 48 108 36 40 45

cies3cs I cseq ek c3cg  cieses il
T 1536 768 ' 864 96 60 128

62C§C4 CoCyCq CQC% C% CgCG C3C4Cr Ci
48 48 50 ' 162 54 30 64

= ¢31(Cl7 C2,C3,C4,Cs, CG)
max |det M| = max |det Hy 1(f)] = 0.12499999997131443
5. Conclusions. Based on the applied method of differential evolution, we can formulate

the following theorem:
THEOREM 5.1. If f € §*, then

5.1 |det H4’1(f)‘ < = =0.125.

ool

The inequality (5.1) is sharp and equality holds for the function f € S* defined by

2f'(z)  1+2z2*
flz)  1-2%

z €D,

and its rotations, i.e., for

z
2)= ——, zeD,V1:=1,
&= =
and its rotations.
The following results are known for the class S* of starlike functions:
THEOREM 5.2. If f € 8 is of the form (1.1), then

5.2) lan| < n, n € Zs;
(5.3) [T ()] = lamtn—1 — @nam| < (m—1)(n—1), m,n € Zy;
5.4) |J33.2(f)] = agas — a3| < 1;
4
(5.5 |det Hz 1(f)] < 9

All inequalities are sharp.

REMARK 5.3. The sharp estimates (5.2) were found by Nevanlinna [33] (cf. [13, p. 44]).
The estimate (5.3) was demonstrated by Ma [32], who thus confirmed the generalized Zal-
cman conjecture for starlike functions. The sharp estimate in (5.4) is found in [3]. The


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

580 P. JASTRZEBSKI AND A. LECKO

sharp inequality (5.5) was shown by Kowalczyk et al. [22], solving a long-standing prob-
lem. In the paper [2], Babalola showed that |det H31(f)| < 16. Next, Zaprawa [44]
improved Babalola’s result by deriving | det Hs 1(f)| < 1. This result was improved by
Kwon et al. [25], where it was verified that | det Hs 1 (f)| < 8/9. In [26], Kwon and Sim
proved that —4/9 < det H3 1 (f) < v/3/9 for starlike functions having real coefficients and
that both inequalities are sharp. Further, Zaprawa et al. [45] verified that for the whole class
S*, | det Hs 1 (f)] < 5/9.

REMARK 5.4. Let us now emphasize that the results obtained by the evolutionary algo-
rithm are consistent (in the sense of numerical approximation) with those well-known results
recalled in Theorem 5.2. Results in points (2)—(7) are consistent with (5.2) forn =2,...,7.
The result of (8) is consistent with (5.3). The results of (9) and (22) are consistent with (5.4)
and (5.5), respectively.

Let us note that the results for the functional J,, , ;, obtained successively in points
(14)—(21) by applying the evolutionary algorithm, suggest to formulate the following general
conjecture for starlike functions. It seems that this conjecture may also hold true for the whole
class S.

CONJECTURE 5.5. Let k € N,m,n € Zg 1. If f € S (S*), then

[Tk (f)] < (m = k) (n — k),

with equality for the Koebe function and its rotations.
In addition, the study of the functional .J,,, ,, ;, on known subclasses in the class A seems
to be a sensible and interesting problem.
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