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THE METHOD OF LOWER AND UPPER SOLUTIONS FOR PERIODIC AND
ANTI-PERIODIC DIFFERENCE EQUATIONS*

ALBERTO CABADAf

Abstract. In this work we do a survey on the method of lower and upper solutions for periodic and anti-periodic
discrete problems. Some new existence results are also given.
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1. Introduction. The method of lower and upper solutions for ordinary differential
equations was introduced in 1931 by G. Scorza Dragoni [25] for a Dirichlet problem. This
method allow us to enssure the existence of a solution of the considered problem lying be-
tween the lower and the upper solutions, i. e., we have information about the existence and
location of the solutions. After this, there is a large number of works in which the method
has been developed for different boundary value problems, thus first, second and higher order
ordinary differential equations with different type of boundary conditions as, among others,
the periodic, mixed, Dirichlet or Neumann conditions, and partial differential equations of
first and second order, have been treated in the literature. In the classical books of S.R. Bern-
feld and V. Lakshmikantham [7] and G.S. Ladde, V. Lakshmikantham and A.S. Vatsala [22]
is exposed the classical theory of the method of lower and upper solutions and the monotone
iterative technique, that give us the expression of the solution as the limit of a monotone se-
quence formed by functions that solve linear problems related with the nonlinear considered
equations. We refer to the reader to the surveys in this field of C. De Coster and P. Habets
[18, 19] in which one can found hystorical and biographycal references together with recent
results and open problems.

The application of this kind of techniques to difference equations is recent. In this paper
we present some of the results that have appeared in this field. Furthermore, some new
results for first and second order difference equations are given. In §2, we consider first order
equations. Second order equations are aborded in §3 and higher order in §4. As a consequence
of the exposed results in that section, we present in §5 some existence and uniqueness results
for first and second order anti-periodic difference equations, some of them (for order two) are
new.

In all the paper, we denote by Auy = ugy1 — uy, and A7 = A o AJ=1, Moreover given
a, B € RP, such that a < 3, we write

[aaﬂ]:{ueRpaakSukSBkn k=077p_1}

2. First order difference equations. First order difference equations has been aborded
by V. Otero-Espinar, R. L. Pouso and the author in [16]. There the following problem has
been studied.

2.1) Auy = f(k,upy1), k€{0,...,N—1}; B(ug,u) = 0.
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Thus, & = {ag, ..., an} is a lower solution if
Aaks.f(kaak-i-l)a kE{O,...,N—].}; B(CMOaa)SO
and 8 = {Bo, ..., BN~} is an upper solution when

Aﬂk Zf(k718k+1)7 ke{OJJN_1}7 B(ﬂO;ﬂ)ZO

In that paper it is proved thatif « < 8, f : {0,...,N -1} x R > Rand B : {0,...,N —
1} x R¥+1 — R are continuous functions such that B(ay, -) and B(fo, ) are nonincreasing,
then this problem has at least one solution in the sector [, 3]. Moreover, if B(z,-) is a
nonincreasing function for each z € [ag, fo], then problem (2.1) has extremal solutions
lying between o and 3. Where by extremal solutions we denote the biggest and the smallest
solutions of the problem lying in the sector [a, (].

It is clear that this result is applicable to initial conditions B(xz,y) = x and periodic
boundary value problems B(z,y) =z — yn.

When we think about anti - periodic boundary value conditions (ug = —uy), we cannot
enssure the existence of extremal solutions, unless all of them start at ug = 0, but in this
case we arrive at uy = 0, and since final problem has a unique solution, we conclude that
the anti-periodic problem has a unique solution too. As consequence, if the anti-periodic
problem has more than one solution then there is no extremal solutions. Our investigation
is directed to conclude the existence of at least one solution and, if we try to use monotone
iterative techniques, to ensure the existence of only one solution.

With respect to the existence results, in [2] the definition of related lower and upper so-
lutions for problem (2.1) is given as a pair @ = {ag, a1,...,an} and 8 = {Bo, b1, ..,8n8}
of real sequences such that & < 8in {0, ..., N}, such that

Aoy < f(k,agt1), ke€{0,...,N -1} B(ag,B8) <0
and

A/Bk Z f(k76k+1)7 k € {07 - '7N - 1}7 B(IB07a) Z 07

and it is proved that if there exist « and 3, a pair of related lower and upper solutions of
(2.1), and B(ay, -) and B(fy, -) are nondecreasing in RV*1 | then, provided that f and B are
continuous functions, problem (2.1) has at least one solution u € [a, 5].

Clearly, defining B(x,y) = x + yn we have an existence result for first order anti-
periodic problems.

Both existence results have been generalized by D. Franco, D. O’Regan and J. Peran in
[23]. There the authors define the concept of coupled lower and upper solutions for problem.

(2.2) Aug + f(k,up41) =0, ke {0,...,N—1}; B(ug,u) =0,

asapaira = {ag,1,...,ay}and 8 = {Bo, B1,- .., B~} of real sequences such that a < 8
in {0,..., N}, such that

Aak+f(kaak+1)soa ke{OJJN_1}7 max{B(aO,a),B(ao,B)}SO
and

Aﬂk"‘f(k’ﬂkﬂ)ZO, kE{O,...,N—l}; min{B(B05a)aB(ﬂ0>/8)}ZOa

and prove that if there exist a and 3, a pair of coupled lower and upper solutions of (2.2), and
B(ay, -) and B(fy, -) are monotone (nondecreasing or nonincreasing) in R¥+! and f and B
are continuous functions, then problem (2.2) has at least one solution u € [a, 3].

In fact it is possible to give an existence result for problem (2.1) (and the equivalent
expression (2.2)) replacing monotony properties if B by the weak one:
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(H) There exists a pair @« = {ag,a1,...,an} and 8 = {Bo,f1,-..,8n} of real se-
quences such that & < fin {0, ..., N}, such that

AOtka(k,Otk-q-l), ke{oa"'aN_]-};

ABy > f(k,Brsr), k€ {0,...,N -1}
and
B(ag,u) <0< B(fg,u), forallu € [a,f].

Under this assumption, we arrive at the following existence result. The proof follows the
ideas exposed in [16], we present it here by the convenience of the reader.

THEOREM 2.1. Suppose that function f(k,-) is continuous in [ag+1, Br+1] for all k €
{0,...,N — 1} and that B € C(R x RN+t R). If condition (H) holds then problem (2.1)
has at least one solution u € [a, §].

Proof. Let us consider the following modified problem:

(23) Auk Zf(k7p(k+17uk+l))a ke {077N_1}7
(24) Up = p(O:UO - B(anu))a

where p(k,r) = max {ay, min {r, B }} forallk € {0,...,N} andr € R

Follow the proof of Theorem 2.1 in [16] one can see that (2.3) — (2.4) has at least one
solution u € [a, ] and that all of the possible solutions of that problem belong to the sector
[ 8]

Now, we need to verify that all the solutions of (2.3) — (2.4) satisfy B(ug,u) = 0. To
this end, let u be a solution of problem (2.3) — (2.4), if ug — B(ug,u) < ap, by definition of
function p, we have that ug = ag, and then, since u € [a, 3], from condition (H), we arrive
at

o > ag — B(ag,u) > ay,

which is a contradiction.

The fact that ug — B(ug,u) < Bo holds similarly. d

If we are interested into approach the solutions of the anti-periodic problem via monotone
iterative techniques, since, as we have exposed above, there is no extremal solutions in [, 5]
and comparison results do not hold in this situation, the monotone method, valid for periodic
equations, is not applicable in this situation. In [1] and [2] some criteria for existence and
uniqueness results for n—th order anti-periodic difference equations have been developed. The
particular case of first order equations has been also considered in [2] and will be exposed in
85 of this paper.

3. Second order difference equations. Second order boundary value problems have
been studied for different authors under the assumption of the existence of a pair of lower
and upper solutions. Thus, assuming that f : {1,..., N} x R — R is a continuous function,
monotone decreasing in the second and the third variables, and the existence of a pair of well
ordered lower and upper solutions, that is, the lower solution is less than or equals to the
upper one, P. W. Eloe, provided that the lower and the upper solution satisfy some additional
conditions, proves in [21] the existence of at least one solution of the second order periodic
boundary value problem

A?up = f(k,up,ups1); k€{0,...,N}, wuo=unyi, Aup = Aunyi,
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in the sector [a, ).
F. Atici and the author prove in [4] the existence of a solution of the second order periodic
boundary value problem

G =A%y +qeue = flkug), k€{l,...,N}, uo=uy, Aug = Auy,

withg > 0andq Z0in {1,...,N}.
Here we define a lower solution « as a vector in RV 12 that satisfies

—Nlag_1 + qron < f(k,ap), k€{1,...,N}, ag=an, Aag > Aay.

B will be an upper solution if the reversed inequalities hold.

These definitions are the natural adaptation to this case of the problem studied by P. W.
Eloe in [21].

In this case no monotony conditions are imposed in the continuous function f. In the
proof, some properties of the Green’s function related with the linear operator

Louy = —Azuk_1 + qr ug
in the space of periodic functions
S ={u={ug,---,unt1}; uo =un, Aug = Auyn},

given by F. Atici and S. Guseinov in [6], are used.

Due to the fact [6] that the Green’s function related with operator Lo has constant sign,
it is also developed the monotone method, i. e., assuming a one - sided Lipschitz condition in
funcion f, two monotone sequences that start at the lower solution a and the upper solution
B and converge to a solutions ¢ and ¢, are constructed; moreover every solution u € [a, ]
of problem (3.1) satisfies that ¢ < u < ¢ in {0,... N + 1}.

These kind of results have been applied by F. Atici, A. Cabada and V. Otero-Espinar in
[5], where, depending on the values of the real parameter A, existence results for the following
second order periodic boundary value problem are given

_A[pk—lAuk_1]+Qkuk:)\f(k,’dk), kG{O,...,N},
uo = un, PoAug = pyvAuy.

Other type of boundary conditions have been also considered. In [26] Zhuang, Chen and
Cheng study the Dirichlet boundary value problem

A?up, + f(kyur) =0, ke{l,...,N}, wup=uny1 =0,

and deduce the existence of a solution lying between a lower solution o and an upper solution
B such that @ < 3 of the Dirichlet problem. Here « is a lower solution when it satisfies (the
reversed inequalities for an upper solution 3)

A2ak—1+f(kaak)207 k‘E{l,...,N}, OéoSO, aN-i—lSO-

Similar existence results are given by R. P. Agarwal and D. O’Regan in [3]. Moreover,
assuming a one - sided Lipschitz condition in function f, the monotone method is also devel-
oped in [26].

In [8] is studied the second order difference equation with nonlinear functional boundary
conditions

3.2) — Alp(Aug)] = f(k,ugt1), ke {0,...,N—1},
(33) BI(UOJU) = BQ(UJUN+1) = 07
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with f a continuous function, ¢ : R — R continuous, strictly increasing and ¢(R) = R,
B; : R x R¥N*+2 3 R continuous and nondecreasing in the second variable and By :
RN¥+2 x R — R continuous and nonincreasing in the first variable.

This kind of problems is known as ¢ — Laplacian equation and arises in the theory of
radial solutions for the p — Laplacian equation (¢(z) =| = |P~2 z, p > 1) on an annular
domain (see [20], and references therein), and has been exhaustively studied recently for
differential equations (see, for instance, [9, 17]). This class of nonlinear boundary conditions
allow functional depence of the solutions and include the Dirichlet,

Bi(z,y) = -z, Ba(z,y) =y,
Neumann,
Bi(z,y) =y —z, Ba(z,y) =y—2n
and periodic boundary conditions
Bi(z,y) =y~ —z, Ba(z,y) =y —ai,

as particular cases.

Obviously, defining ¢ as the identity, we have that every given result for problem (3.2) —
(3.3) remains valid for second order difference equations. In that paper is proved an existence
result of extremal solutions when @ < 8 without assuming monotony properties in function
f. In this case we say that « is a lower solution for problem (3.2) — (3.3) if it satisfies the
following inequalities

—Alp(Aar)] < f(k,apt1), k € {0,...,N — 1}, Bi(ap,@) > 0> Bz(a,an+1)-

When f satisfies a one - sided Lipschitz condition, the monotone iterative technique is devel-
oped. These results generalize previous given results and some of them have been applied in
[12] to deduce existence results in presence of lower and upper solutions for the functional ¢
— Laplacian problem with periodic boundary value conditions

—A[p(Aug)] + qpr1up+1 = 9(k, g1, w), ke{0,...,N -1},

Ug = UN, AUO :AUN,

withq > 0in {1,...,N}and g : {1,...,N} x R x R¥*2 — R nondecreasing and dis-
continuous in the third variable. In this case the techniques developed by S. Heikkild and V.
Laksmikantham in the monograph [24] are the fundamental tools.

Nonlinear boundary value problems for second order difference equations have been also
considered by D. Franco, D. O’Regan and J. Perdn in [23], where is considered the problem

A2uk—1+f(k7uk):07 kE{l,...,N},

g(uo, un+1) = h(ug,un+1) = 0.

The authors introduce the concept of coupled lower and upper solutions as a pair of vectors
in RN*2 | o and 3, such that « < 8 and

A20%71 + f(kaak) >02> A2Bk,1 + f(kiﬂk)’ ke {17 .- 'aN}a
with

max{g(ﬁOJﬁN-f-l)a g(ﬂOJaN+1)} <0,
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min {g(ao, any1), 9(ao, Bn41)} > 0,
max {h(Bo, BN11), h(ao, Bn11)} <0,

min {h(ao, an+1), A(Bo, an+1)} > 0.

In this case it is proved that if functions g(ao,-), 9(Bo, ), h(-,any1) and h(-, Bn41) are
monotone (nonincreasing or nondecreasing), then there exists at least one solution in [a, 3]
of the treated problem.

In this definition of coupled lower and upper solutions are included both functions, unless
the four previous functions was nondecreasing.

The non usual case, in which the lower solution « is bigger than or equals to the upper
solution f3, has been aborded in different papers. In this case the existence results follow
directly from the monotone iterative techniques. In [13], A. Cabada and V. Otero-Espinar
study the ¢-Laplacian problem

_A[¢(Auk)] = f(k;uk-i-l): ke {Oa o -aN - 1}

There, under suitable conditions in functions ¢ and f, some results of existence of ex-
tremal solutions are given for Neumann and peridic boundary value problems.
An exhaustive study of the second order Neumann boundary value problem

g2 = f(k,up,ury1), k € {0,...,N —1}; Aug= A, Auy = B,
has been done in [14], where comparison results for the second order linear operator

Lly, p] = tp2 — 27 uptr + prus,
in the set
Wy = {u € RV*2; Aug > 0> Aup},

are given.

4. Higher order equations. As we have seen in the previous sections, the study of first
and second order difference equations give us the existence of solutions lying between a pair
of well ordered lower and upper solutions. The main arguments to enssure the location of the
solutions are the oscillation properties. When « and § are given in the reversed order for first
and second order problems or if we consider equations of order n > 3, this kind of techniques
are insufficient to conclude the location of solutions. In this situation we must use iterative
techniques to derive existence and approximation of solutions. This class of techniques has
been applied to n-th order periodic equations in [14, 15] and for n-th order anti-periodic ones
in[1, 2].

For the periodic case, the following existence and approximation result is proved in [ 14].

THEOREM 4.1. Let f : {0,...,N — 1} x R**1 — R be a continuous function and
Ai € Ri=0,...,n—1, given. Suppose that there exist & = {ag,a1,...,QANtn_1} and
ﬂ = {ﬂO:/Bla Tt 7/BN+nfl}y satisfying a S ﬂ and

Qktn < f(kaakaak—i-la-"aak-i-n)a ke {Oa"'aN_]-}a
Oéi—OtN_H:)\i, i:0,...,n—2,

QAp—1 — QAN4n—1 S Anfl
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and

Bran > f(k, By Brt1s- - Brin), k€{0,...,N—1},
Bi—BNyi=Ai, ©=0,...,n—2,
Br-1 — BN4+n—1 > An—1.

If function f satisfies the following condition
(Hy) There exists { My, ..., M,} € R*" such that

f(k,xg,,xn)—i—ZMz:c, Sf(k>y077yn)+Zszu

=0 =0
forallk € {0,...,N — 1} and ap; <x; < y; < Brti, i=0,...,n,
for some My, ..., M, € R for which it is satisfied that if
€{ue RN u; =unys, i =0 —2 >
U {U ; U UN+i, b yeres Tl ;, Up—1 2 uN+n71}

and

n
Tn[Mo, ey Mn]uk = Uggn + ZMiuk_,_i >0in {0, oo, N — ].}
=0
thenu > 0in{0,...,N +n —1}.
Then there exist two monotone sequences in RN*t", {a,,} and {by,} with ay = a and
bo = B, which converge pointwise to the extremal solutions in [, 8] of problem

Uk+n = f(kaukauk+1a"'7uk+n)a kG{O,...,N—l},

(Pr)
U; —UN4; = /\i, i=0,...,n—1.

Proof. For each n) € [, (8], we consider the following linear problem:

( To[Mo,...,Mplur = f(kyThyMhtts- - Mhtn)+
n
(Pn) 4 +3 Mimgyi, ke{0,...,N -1},
=0
| Ui — UN+i = Ay 1=0,...,n—1.

It is not difficult to verify that problem (P,) admits a unique solution u for each 7 given.
From condition (H1) and the definition of « and 3, we have that

Tn[Mo,...,Mp)(u—0a) >0 on{0,...,N —1}

and we conclude thatu > aon {0,...,N +n —1}.

On the other hand, let u;, ¢ = 1,2, be the unique solutions of problem (Pm)’ with
m <mzon{0,...,N +n—1}. We know that

Tn[Mo,...,Mn](UQ—’LLl)ZO OH{O,...,N—].}
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and then uy > 43 on {0,...,N +n —1}.

The sequences {an, } and {b,, } are obtained by recurrence: ag = «, bp = § and a, and
b, are given as the unique solutions of (P,,,_,) and (P, _, ) respectively. O

It is important to note that in the proof of the previous result is fundamental the study
of the Green’s function related with operator T, [ My, . . ., M,,] and, more concisely, with the
values of the parameters M; for which such Green’s function has constant sign. In [15], a
formula to obtain such function is given. Using this expression, optimal estimates for first
and second order equations are obtained. This study has been continued in [11], where, using
those optimal estimates together with the expression of the n-th order linear operator

Tn[M]uk = A"up + M uy,

as a composition of suitable first and second order operators, the following result is proved
for problem

Ay, = f(k,ug), ke{0,...,N—1},
(P)

U; UNyi, ¢=0,...,n—1.

THEOREM 4.2. Let f : {0,...,N — 1} x R — R be a continuous function. Suppose
that there exist a < 3 satisfying

Anak Sf(kaak)a kE{O,...,N—l},
a;—anyi =0, 1=0,...,n—2,

Op—1—ON4n—1 <0
and

An/Bka(kaﬂk)7 ke{oa"'aN_1}7
,Bi—,BN_H:O, iZO,...,n—2,
Brn-1 — BN4n—1 > 0.

If f satisfies condition (H1) (with obvious notation) for some M > 0 such that

M< fan y " henn=4p pe {1,2,..}
= (1+tan%)cos%n whenn ==pp A
tan &
M< [—N] Jifn=2+4ppe{0,1,...),
1+tan%cos%

b
tan N

or M < [ ] if n odd.

m 2 ™
tan  cos - + cos 57

Then there exist two monotone sequences in RN*", {a,,} and {b,,} with ag = « and
bo = B, which converge pointwise to the extremal solutions in [, 5] of problem (P).

If we are interested into approach the solutions of the anti-periodic problem

Lpu, = f(kaukauk+1a---;uk+n)7 k‘G{O,...,N—l},
(AP,)
(7] = —UN+i, i:0,...,n—1,

with L,, a n-th order linear operator, it is not possible, as we have noted before, to ensure
existence of extremal solutions and, obviously, the Green’s function associated to operator
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Tn[Mo, . .., My,] in the set of anti-periodic functions changes sign. Is for this that the devel-
opment given for periodic equations does not hold in this new situation. J. J. Nieto and the au-
thor present in [10] the concept of coupled lower and upper solutions for an abstract Hilbert-
Schmith operator and deduce existence and uniqueness results for some ordinary differential
equations. Under this point of view, existence and uniqueness results for anti-periodic differ-
ence equations have been obtained in [2] where, for any choice of (Ky,...,K,) € R+1,
the following equivalent problem is considered

n n
Sn[Ko, -, Kn]ug = Lnug + ZKz' upri = [k, Uky1, - o5 Uktn) + ZKz' Uktis
i=0 =0
U; = —UN+i, i=0,...,n—1.

If S, '[Ko,. .., K,] exists in the set
.1 Dp={ueRV*" | u; = —uny, i =0,...,n— 1},

defining for any n € R¥+™, the operators

N-1

ATy = G (k, 4) (Pnj +) K; nj+i>

=0 =0

.

and
N-—-1 n
ALK m =) Gk, j) (Pﬂj +) K 77j+i) :
j=0 i=0

Where Gk (k, 7) is the Green’s function associated with the operator S, *[Ky, . .., K], P is
the superposition operator induced by the nonlinear function

f:{0,...,N—1} xR""l 5 R

G (k,j) = max {Gx(k,j),0} > 0 and G ¢ (k, j) = —min {Gk (k, 7),0} > 0.
It is clear that the solutions of problem (AP,,) are the fixed points of the operator

A[K] = AT[K] — AZ[K] in RN+n

Now, given a, 3 € R+ such that @ < B on {0,...,N + n — 1}, we say that a and 8
are coupled lower and upper solutions of (AP,) if S, '[Ko,...,K,] exists in D,, and the
inequalities

akSA:[K]ak_A:L[K]Bka k€{057N+n_1}
and
Br > AYIK] B — A-[K]aw,  ke€{0,...,N+n—1},

hold for some K = (K, ..., K,) € R*t1.

Note that in this case we do not impose any additional conditions on « and § on the
boundary of {0,...,N + n — 1}. One can verify, see [2], that this definition covers the
definition of related lower and upper solutions for first order anti-periodic equations.
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Thus, it is proved in [2] the following result.

THEOREM 4.3. Suppose that there exists a pair of coupled lower and upper solutions of
(AP,) for some K = (Ko, ...,K,) € R L. If f is a continuous function that satisfies the
inequalities

n
- Z K (Vpgi — upyi) <
=0

f(kavkavk-l-la EE 7vk+n) - f(kaukauk-i-la cee 7uk+n)
n
<) (M; — K) (Vki — Uk+i),
=0

forallk € {0,...,N—1}, foreveryu, v € RN*" suchthata <u <v < Bin{0,...,N+
n—1}and M; >0,i=0,...,n, such that

M; k,j 1,
(Z >ke{o,.?fﬁn_1} S G (ki) <

=0 j=0
then (AP,) has a unique solution in [o, ().
Proof. Define the operator:
BIK] : [a, B] x [, B] = R ™™

as

B[K](n,€) = AT[K]n — A, [K]&.
One can verify that

B[K|([a, 8] x [, B8]) C [e, 5],
and that
ifa<m <np <Panda < & <& < B, then B[K](n1,&1) < B[K](12,2).

Defining po = @, o = B3, om = B[K]((melywmfl) and ¢, = B[K]('Ipmfl;(pmfl),
we construct two monotone convergent sequences {¢n} /¢ and{¥,} \, ¥, such that

¢ =A¥[Klp— AJ[K]Y and ¢ = AT[K]) — A [K]p.
Now, from the inequality

n

N-1
I =l <l =l QM) 1Y 1Gx(k )] Il

i=0 7=0
we conclude that ¢ = ¢ is the unique solution of (4AP,) in [a, A]. O

5. First and second order anti-periodic problems. As we have seen in the previous
section, to give existence and uniqueness results for anti-periodic problems we must to study
the Green'’s function related with operator S, [ My, . .., M,]. To do it, it is obtained in [2] the
following expression for the Green’s function of anti-periodic equations.

THEOREM 5.1. Let Kgy,...,K,, 1 € R be fixed such that there exists the operator
T, Ko, .., Kn_1,0] in D,, (T,[My, ..., M,] defined in Theorem 4.1 and D,, given in
(4.1)). Then, if the following problem

TnlKo, .-y Kn—1,0]ur, = oy, ke{0,...,N -1},
Ui = —UN+i, 1=0,...,n—1,
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has a unique solution for every o € RY, it is given by

N-1
up = Z Gk(k,j)o; forallk € {0,...,N +n —1},
=0

where Gi : {0,...,N+n—1} x {0,...,N — 1} — R satisfies
Zk—j—1, f 0<j<k-1,
(5.1 Gk (k,j) =
—RN+k—j—1, lf k S] < N — 17

and z is the unique solution of

Tn[KO; .. 'aanlao] 2k = 07 k > 07
zi+tznyi = 0;4=0,...,n—2,
Zn—1+2ZNgn-1 = L

Using this expression and defining the following constant

(_(A+K)Y -1 .

, if K > —1and K # 0;
1+1+K)MNK 7
1, if K =-1,

N .
(52 Lx=4 - if K = —2and N even; or K = 0;
1
—_—, if K < —1 and N odd;
|2+ K| N
- (1+K) |
, 1if K < —1and N even,
| G+ 1+ KON+ K)

the following two existence and uniqueness results for first order anti—periodic difference

equations have been proved in [2].
THEOREM 5.2. Assume that there exist coupled lower and upper solutions of

Azy, = f(k,2pp1), ke€{0,....N—1};  z = —zn,

for K # —2 whenever N is odd, or K # —1. If f is a continuous function that satisfies the
inequalities

—K (z—y) < f(k,z) — f(k,y) < (M - K) (z - y),

foreveryx, y € Rsuchthat gy <y <z < Bry1, k €4{0,...,N—1}and M > 0 such
that M Lx < 1 (L given in (5.2)), then this problem has a unique solution in [a, 3].
THEOREM 5.3. Assume that there exist coupled lower and upper solutions of

—Azy = f(k,z), k€ {0,...,N —1}; To = —TN,
for K # —2 whenever N is odd. If f is a continuous function that satisfies the inequalities
—K(z—y) < f(k,z) - f(k,y) < (M - K) (z—y),

foreveryz,y € Rsuchthatap <y <z < B, k€ {0,...,N—1}and M > 0 such that
M Lk < 1(Lg given in (5.2)), then this problem has a unique solution in [a, 3].
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If we consider the second order difference equation
(5.3) —u(k+2) = f(k,u), k€{0,...,N—1} Ug = —UN, U] = —UNL],

we can prove, by using Theorem 4.3, the existence of a unique solution in the sector formed
by a pair of coupled lower and upper solutions. To this end we must solve the following linear
problem for some K > 0

—u(k+2)+ K?up =op, k€{0,....,N -1}, uo= —un, U1 = —unyi.

In this case, function 2 introduced in Theorem 5.1 is given by this expression when
K#1

( 0, if £ and N are even;
Kk—l
TIr RN if k£ is odd and N is even,;
=94 KNtLo .
——n > if k is even and N is odd;
N
TN T’ if k and N are odd;
and
0, if k and N are even;
_J —1/2, ifkisoddand N is even;
= 1/2, ifkisevenand N is odd;
—1/2, ifkand N are odd;
when K = 1.

As consequence, from the identity (5.1), one can verify that the Green’s function G 2
satisfies that

N-1 e R if N is even
RN D[R] ’
(5.4) Ri =Y |Gra(k,j)| =
=0 Pt if NV is odd,
when K # 1, and
%, if k and N are even,
N-1
(5.5) Rk = |Gra(k,j)| = ¢ 2, ifkisoddand N is even,
=0

, if N is odd,

PN

if K =1.

Thus, we obtain the following existence and uniqueness result for the second order prob-
lem (5.3).

THEOREM 5.4. Assume that there exist coupled lower and upper solutions of problem
(5.3) for some K2 > 0. If f is a continuous function that satisfies the inequalities

~K?(z —y) < f(k,2) = f(k,y) < (M - K?) (z ~y),

foreveryx, y € Rsuchthatap <y <z < B k€{0,...,N —1} and M > 0 such that
M Rg < 1(Rg givenin (5.4) and (5.5)), then this problem has a unique solution in [, ).
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